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Abstract

In traditional continuum mechanics, the effect of surface energy is ignored as it is small compared to the bulk energy.
For nanoscale materials and structures, however, the surface effects become significant due to the high surface/volume
ratio. In this paper, two-dimensional elastic field of a nanoscale elliptical inhomogeneity embedded in an infinite matrix
under arbitrary remote loading and a uniform eigenstrain in the inhomogeneity is investigated. The Gurtin–Murdoch sur-
face/interface elasticity model is applied to take into account the surface/interface stress effects. By using the complex var-
iable technique of Muskhelishvili, the analytic potential functions are obtained in the form of an infinite series. Selected
numerical results are presented to study the size-dependency of the elastic field and the effects of surface elastic moduli
and residual surface stress. It is found that the elastic field of an elliptic inhomogeneity under uniform eigenstrain is no
longer uniform when the interfacial stress effects are taken into account.
� 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

Nanomaterials are categorized as those which have structured components with at least one dimension less
than 100 nm. They can be further categorized into one-dimensional nanoscale (thin films, layers and surfaces),
two-dimensional nanoscale (nanotubes and nanowires) and three-dimensional nanoscale (nanoparticles, qua-
tum dots and dendrimers) materials. An important application of nanoparticles and nanotubes is in advanced
composite materials. Composites based on nanomaterials can be tailored to have unique mechanical, elec-
tronic and optical properties (Kuzumake et al., 1998; Cui and Lieber, 2001; Naganuma and Kagawa, 2002).

As the dimension of a material or structure approaches the nanoscale, the properties and elastic field can be
size-dependent. For example, Wong et al. (1997) and Poncharal et al. (1999) experimentally investigated the
elastic bending of SiC nanobeams and carbon nanotubes, respectively, and showed that the bending modulus
changes as the diameter of the beam or tubes changes. The classical continuum theory, however, does not
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admit an intrinsic size, and does not show size-dependent behaviour. To understand the behavior of nanom-
aterials and nanoscale structures, various approaches have been proposed including atomistic simulation
methods. The reason for the size-dependent behaviour at nanoscale is the presence of free surfaces, and the
fraction of energy stored in the surfaces becomes comparable with that in bulk for nanoscale structures.
Mechanics of nanoscale objects can therefore be understood by incorporating the effects of surface and inter-
facial energies (Miller and Shenoy, 2000). The surface stress theory formulated by Gibbs (1906), on the basis
of thermodynamics of solid surfaces, takes into consideration the effects of surface and interfacial energies.
Gurtin and Murdoch (1975), Murdoch (1976) and Gurtin et al. (1998) developed a general theoretical frame-
work for a continuum with surface stresses and proposed a linearized surface stress–strain constitutive rela-
tion. The surface domain is assumed to be very thin and has different elastic moduli from the bulk, and the
surface adheres to the bulk without slipping. Several other researchers have contributed to further develop-
ment of the surface stress theory (e.g., Cahn and Larché, 1982; Cammarata, 1994; Nix and Gao, 1998).

Gurtin and Murdoch (1978), Povstenko (1993), Cammarata (1997) and Miller and Shenoy (2000) have
applied the surface stress theory to examine several issues involving nanoscale problems. Sharma et al.
(2003), Sharma and Ganti (2004) and Duan et al. (2005) studied the size-dependent elastic state of nanoinho-
mogeneities, Eshelby’s tensor of nanoinclusions and effective bulk and shear moduli of a solid containing nan-
oinhomogeneities, respectively, by applying the Gurtin–Murdoch model. Tian and Rajapakse (2007) obtained
a closed-form analytical solution for a nanoscale circular inhomogeneity in an infinite matrix under arbitrary
remote loading based on the Gurtin–Murdoch model.

The solution for a nanoscale elliptical inhomogeneity in an infinite matrix is a very important fundamental
problem in nanoscale solid mechanics as it is practically more useful than the solution for the idealized case of
a circular or spherical inhomogeneity. This paper is therefore concerned with the derivation of the two-dimen-
sional elastic field of an infinite matrix with an elliptical inhomogeneity due to remote loading or an eigen-
strain in the inhomogeneity. Muskhelishvili (1963) provided a powerful complex variable approach to
analyze two-dimensional inhomogeneity problems in classical elasticity. A review of the application of Mus-
khelishvili’s approach for inhomogeneity problems in classical elasticity is beyond the scope of this paper. The
authors use the Gurtin–Murdoch model and Muskhelishvili’s complex potential method to study the two-
dimensional size-dependent elastic field of a nanoscale elliptical inhomogeneity in an infinite elastic matrix.
The derivation of the solution is presented in the next section followed by numerical results for selected cases.
2. Problem formulation

Consider an infinite elastic matrix, with a single nanoscale elliptical inhomogeneity. The matrix is subjected
to far-field loading as shown in Fig. 1 and a uniform eigenstrain is prescribed in the inhomogeneity. The
matrix and inhomogeneity are linear elastic, homogeneous and isotropic with Lamé constants kM, lM and
Fig. 1. Nanoscale elliptical inhomogeneity in an infinite matrix.
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kI, lI, respectively. Note that subscripts M and I are used to identify quantities associated with the matrix and
inhomogeneity, respectively. The matrix occupies a region denoted by SM, and the inhomogeneity, with its
center at the origin of the coordinate system, occupies a region denoted by SI. The ellipse C represents the
matrix–inhomogeneity interface.

For plane problems, the displacement and stress components in Cartesian coordinates (x1,x2,x3) can be
expressed in terms of two analytic functions /(z) and w(z) as (Muskhelishvili, 1963)
2lðu1 þ iu2Þ ¼ j/ðzÞ � z/0ðzÞ � wðzÞ; ð1Þ

r11 þ r22 ¼ 2 /0ðzÞ þ /0ðzÞ
h i

; ð2Þ

r22 � r11 þ 2ir12 ¼ 2 �z/00ðzÞ þ w0ðzÞ½ �; ð3Þ
where ui and rij are displacement and stress components, respectively, z = x1 + ix2 is the complex coordinate
variable, l and v are the shear modulus and Poisson’s ratio, respectively, and j = 3 � 4v for plane stain and
(3 � v)/(1 + v) for plane stress. Overbar in Eqs. (1)–(3) represents a complex conjugate and the prime denotes
differentiation with respect to the argument.

At the interface C, the boundary displacements and tractions can be written in the normal-tangential coor-
dinates (n, t) as
2lðun þ iutÞ ¼ j/ðzÞ � z/0ðzÞ � wðzÞ
h i

e�ia; ð4Þ

rnn � irnt ¼ /0ðzÞ þ /0ðzÞ � �z/00ðzÞ þ w0ðzÞ½ �e2ia; ð5Þ

where t is the unit tangent, and n is the outward unit normal at the interface which in complex form is equal to
eia (where a is the angle between the normal direction n and the positive x1-axis).

Assume that the inhomogeneity is perfectly bonded to the matrix, then the displacements are continuous at
the interface
ðun þ iutÞM ¼ ðun þ iutÞI þ ðun þ iutÞ�I ; on C; ð6Þ

where the last term is the displacement induced by the prescribed uniform dilatational eigenstrain e*, i.e.,
e�11 ¼ e�22 ¼ e�, and
ðun þ iutÞ�I ¼ ze�e�ia; on C: ð7Þ

The following field equations and constitutive relations can be established for an isotropic material based

on the theory proposed by Gurtin and Murdoch (1975) and Gurtin et al. (1998):
In the bulk (matrix and inhomogeneity)
rB
ij;j ¼ 0; rB

ij ¼ kdijekk þ 2leij: ð8Þ
On the surface/interface C
srB
banbtþ rS

ba;b ¼ 0; ð9Þ

srB
jininjt ¼ rS

abkab; ð10Þ

rS
ba ¼ s0dba þ 2ðlS � s0Þeba þ ðkS þ s0Þeccdba; ð11Þ
where superscripts B and S are used to denote the quantities corresponding to bulk (matrix and inhomogene-
ity) and surface/interface of inhomogeneity; rij and eij denote stress and strain, respectively; k and l are Lamé
constants; dij is the Kronecker delta; ni is the normal vector on the surface/interface; kS and lS are the surface
Lamé constants; s0 is the residual surface stress under unstrained conditions; kab is the curvature tensor of the
surface or interface and s*b = (*)M � (*)I denotes the jump across the matrix–inhomogeneity interface.

The surface stress tensor is a 2D quantity and the strain normal to the surface is excluded in Eq. (11). Thus,
the Greek indices take the value of 1 or 2, while Latin subscripts adopt values 1 though 3.

In the (n, t,x3) coordinates [x3 is the direction perpendicular to the (n, t)-plane], the equilibrium Eqs. (9) and
(10) can be written as



L. Tian, R.K.N.D. Rajapakse / International Journal of Solids and Structures 44 (2007) 7988–8005 7991
On the surface/interface C
In t-direction : srB
nttþ

orS
tt

ot
þ orS

3t

ox3

¼ 0; ð12Þ

In x3-direction : srB
n3tþ

orS
33

ox3

þ orS
t3

ot
¼ 0; ð13Þ

In n-direction : srB
nnt ¼

rS
tt

R0

; ð14Þ
where R0 is the radius of curvature.
For plane problems, rB

n3 ¼ rS
3t ¼ rS

t3 ¼ 0 and the derivatives with respect to x3 are zero. Thus Eq. (13) is
automatically satisfied. Eqs. (12) and (14) can be expressed in the following complex variable form:
srB
nn � irB

ntt ¼
rS

tt

R0

þ i
orS

tt

ot
: ð15Þ
The left-hand side of Eq. (15) can be obtained from Eq. (5). For the right-hand side, the surface normal
stress in the tangential direction is
rS
tt ¼ s0 þ 2ðlS � s0Þett þ ðkS þ s0Þðe33 þ ettÞ; on C: ð16Þ
Special attention is required when calculating the strain e33 at the interface, because the strain at either side
of the interface can be different even though the displacement is assumed to be continuous. Thus, the interface
has two interfacial stresses associated with it. Here, the authors take the average of the two interfacial stresses
as this is consistent with the case of a circular inhomogeneity in which the interface stress is continuous for
plane strain problems and only one interface stress or the average of the two is used in Eq. (15) (Sharma
and Ganti, 2004). In the case of a hole, there is only one interface stress, or more exactly, the surface stress,
and only this stress appears in the right-hand side of Eq. (15).

Tangential elastic stain at the surface, ett, can be obtained from the following equations:
ett þ enn ¼ e11 þ e22 ¼
1

Q
/0ðzÞ þ /0ðzÞ
� �

; on C; ð17Þ

ett � enn þ 2ient ¼ e22 � e11 þ 2ie12ð Þe2ia ¼ 1

l
�z/00ðzÞ þ w0ðzÞ½ �e2ia; on C: ð18Þ
Here, Q = k + l for plane strain and l(3k + 2l)/(k + 2l) for plane stress. Therefore,
ett ¼
1

2Q
/0ðzÞ þ /0ðzÞ
� �

þ 1

4l
�z/00ðzÞ þ w0ðzÞ½ �e2ia þ 1

4l
z/00ðzÞ þ w0ðzÞ
h i

e�2ia: ð19Þ
In the matrix, the elastic strain ett is also the actual strain. In the inhomogeneity, due to the eigenstrain
effect, ðettÞI ¼ ðettÞeI þ e�, where ðettÞeI is the elastic strain in the inhomogeneity which can be obtained form
Eq. (19).

For the other strain in Eq. (15), e33 = 0 for plane strain in both matrix and inhomogeneity, and for plane
stress, ðe33ÞM ¼ vMðenn þ ettÞeM=ðvM � 1Þ in the matrix and ðe33ÞI ¼ vI½ðenn þ ettÞeI þ 2e��=ðvI � 1Þ in the inhomo-
geneity. Here ðenn þ ettÞeM and ðenn þ ettÞeI are the elastic strains in the matrix and inhomogeneity, respectively,
which can be obtained by using Eq. (17).

Following Muskhelishvili (1963) and England (1971), introduce the following mapping function to simplify
the geometry of the problem (Fig. 2).
z ¼ mðnÞ ¼ R nþ m
n

� �
;

ffiffiffiffi
m
p

n ¼ z
l

1þ 1� l
z

� �2
" #1=2

8<
:

9=
;; n ¼ fþ ig ¼ reih: ð20Þ
Here,



Fig. 2. Conformal mapping from z-plane to n-plane.
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R ¼ aþ b
2

; m ¼ 1� a=b
1þ a=b

and l ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � b2

p
; ð21Þ
where a and b are the semi-axes of the ellipse and 0 6 m 6 1.
When m = 0, the ellipse becomes a circle and in the limit m = 1 it becomes a crack. The mapping function

transforms the region SM into the exterior region of a unit circle (|n| = 1) and region SI into an annular region
between the unit circle and a circle of radius jnj ¼ ffiffiffiffi

m
p

. Here the region SI is imagined to be cut along the line
L = {(x1,0):�l 6 x1 6 l} which is transformed into a circle with radius jnj ¼ ffiffiffiffi

m
p

.
Assume that there are no singularity points in the region SI, then /I(z) and wI(z) must be holomorphic in

the region SI and
/IðzÞ ¼ /Ið�zÞ; wIðzÞ ¼ wIð�zÞ; z 2 L: ð22Þ
Consequently, the conditions (22) ensure that /I(z) and wI(z) are analytic functions throughout the region SI.
Now take /(n) = /(m(n)), and w(n) = w(m(n)) in the mapped n-plane. Therefore, the conditions (22)

become
/IðnÞ ¼ /IðnÞ; wIðnÞ ¼ wIðnÞ; 8n : jnj ¼
ffiffiffiffi
m
p

: ð23Þ
The complex potentials /M(n), /I(n), wM(n) and wI(n) corresponding to the matrix and inhomogeneity are
now expanded into the following Laurent series form:
/MðnÞ ¼ Anþ
X1
n¼1

Ann
�n; wMðnÞ ¼ Bnþ

X1
n¼1

Bnn
�n; ð24Þ

/IðnÞ ¼
X1
n¼1

Enn
n þ F nn

�nð Þ; wIðnÞ ¼
X1
n¼1

Gnn
n þ H nn

�nð Þ: ð25Þ
Note that the constant terms have been omitted in Eqs. (24) and (25) since they represent the rigid body
displacements and have no effect on the stress distribution. A and B are given constants characterizing the
remote stress field. In view of Eqs. (2) and (3),
r111 þ r122 ¼
2ðAþ AÞ

R
; r122 � r111 þ 2ir112 ¼

2B
R
; ð26Þ
where r111, r122 and r112 are the far-field stresses.
According to England (1971), the imaginary part of A is related to the rotation x1 at infinity and,
x1 ¼ ð1þ jÞImðAÞ=2l: ð27Þ
In the current problem, the rotation is zero, so that,
A ¼ A: ð28Þ
Following Stagni (1991) and Shen et al. (2001), introduce an auxiliary functions X(n) and a new auxiliary
function H(n) such that,
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XðnÞ ¼ mð1=nÞ
m0ðnÞ /0ðnÞ þ wðnÞ; ð29Þ

HðnÞ ¼ X0ðnÞm0ðnÞ � /0ðnÞ mð1=nÞ
h i0

: ð30Þ
The auxiliary functions XM(n), HM(n), XI(n) and HI(n) corresponding to the matrix and inhomogeneity can
also be expanded into Laurent series as,
XMðnÞ ¼ Cnþ C0 þ
X1
n¼1

Cnn
�n; HMðnÞ ¼ Dnþ D0 þ

X1
n¼1

Dnn
�n

 !
R; ð31Þ

XIðnÞ ¼ L0 þ
X1
n¼1

Lnn
n þMnn

�nð Þ; HIðnÞ ¼ O0 þ
X1
n¼1

Onn
n þ P nn

�nð Þ
" #

R: ð32Þ
Eq. (31) combined with Eqs. (24), (29) and (30) leads to
C ¼ mAþ B; C0 ¼ 0; ð33Þ
D ¼ 0; D0 ¼ B;

D1 ¼ 0; D2 ¼ �Cm� C1 þ Aþ mA1; D3 ¼ �2C2 þ 2mA2;

Dnþ3 ¼ �ðnþ 2ÞCnþ2 þ mnCn þ mðnþ 2ÞAnþ2 � nAn ðn ¼ 1; 2; 3 . . .Þ: ð34Þ
Eq. (32) combined with Eqs. (25) and (30) results in the following relations between the coefficients On, Pn

and En, Fn, Ln and Mn.
O0 ¼ �3mL3 þ L1 þ 3E3 � mE1;

On ¼ �ðnþ 3ÞmLnþ3 þ ðnþ 1ÞLnþ1 þ ðnþ 3ÞEnþ3 � ðnþ 1ÞmEnþ1 ðn ¼ 1; 2; 3 . . .Þ; ð35Þ
P 1 ¼ �2mL2 þ 2E2; P 2 ¼ �mL1 �M1 þ E1 þ mF 1; P 3 ¼ �2M2 þ 2mF 2;

P nþ3 ¼ nmMn � ðnþ 2ÞMnþ2 � nF n þ ðnþ 2ÞmF nþ2 ðn ¼ 1; 2; 3 . . .Þ: ð36Þ
Furthermore, Eq. (23) combined with Eqs. (25), (29) and (32) yields
F n ¼ mnEn; H n ¼ mnGn; Mn ¼ mnLn þ nmn�1ð1� m2ÞEn: ð37Þ

Using Eqs. (4), (7), (29) and the continuity of displacements across the interface, Eq. (6), can be expressed

as
1

2lM

jM/MðnÞ � XMðnÞ
h i

¼ 1

2lI

jI/IðnÞ � XIðnÞ
h i

þ mðnÞe�: ð38Þ
Noting that n = eih on the interface, substitute Eqs. (24), (25), (31) and (32) into Eq. (38) and equate the
coefficients of einh to obtain the following relations.
L0 ¼ 0; K3ðjMA� C1Þ ¼ jIE1 �M1 þ 2lIRe�;

K3ð�Cnþ1Þ ¼ jIEnþ1 �Mnþ1 ðn ¼ 1; 2; 3; . . .Þ; ð39Þ
K3ðjMA1 � CÞ ¼ jIF 1 � L1 þ 2lIRme�;

K3jMAnþ1 ¼ jIF nþ1 � Lnþ1 ðn ¼ 1; 2; 3; . . .Þ: ð40Þ
where K3 = lI/lM.
To solve the present problem, it is required to obtain the coefficients including An, Cn, Dn, En, Ln, On and

Pn. Once these are known, the other coefficients (Bn, Fn, Hn and Mn) can be determined. Based on the above
analysis, Dn can be expressed in terms of An and Cn from Eq. (34); En and Ln can be expressed in terms of An

and Cn from Eqs. (37), (39) and (40); On and Pn can be expressed in terms of En and Ln from Eqs. (35) to (37),
and thus in terms of An and Cn. The only unknown coefficients are therefore An and Cn. Additional relations
between the unknowns can be obtained from the interface equilibrium Eq. (15) by using the following
procedure.
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Following England (1971),
e2ia ¼ nm0ðnÞ
nm0ðnÞ

; eia ¼ nm0ðnÞ
jnm0ðnÞj ; n ¼ eih on C; ð41Þ
and the derivatives with respect to the tangential direction t can be expressed as,
o

ot
¼ o

oz
oz
ot
þ o

o�z
o�z
ot
¼ o

on
1
oz
on

oz
ot
þ o

on

1
o�z
on

o�z
ot
; ð42Þ

oz
ot
¼ ieia;

o�z
ot
¼ �ie�ia: ð43Þ
In the n-plane, Eq. (5) becomes
rnn � irnt ¼
/0ðnÞ
m0ðnÞ þ

/0ðnÞ
m0ðnÞ

� /00ðnÞm0ðnÞ � /0ðnÞm00ðnÞ
m0ðnÞ½ �2

 !
mðnÞ
m0ðnÞ

þ w0ðnÞ
m0ðnÞ

( )
e2ih; on C:
Multiplying the above expression by the (non-vanishing) factor m0ðnÞ, and eliminating w 0(n) by using Eq.
(29), yields
m0ðnÞ rnn � irnt½ � ¼ /0ðnÞ � e2ihX0ðnÞ: ð44Þ

The right-hand side of Eq. (15) can be written as
rS
tt

R0

þ i
orS

tt

ot
¼

1
2
ðrS

ttÞM þ ðrS
ttÞI

� �
R0

þ i
o 1

2
ðrS

ttÞM þ 1
2
ðrS

ttÞI
� �

ot
: ð45Þ
The two interface stresses are derived separately in Appendix A by substituting Eq. (16) into the above

equation and multiplying the resulting expression by a factor m0ðnÞm0ðnÞ=R
m0ðnÞ=R .

Consequently by combining Eqs. (24), (25), (31), (32), (44) and (A5), Eq. (15) becomes
X1

n¼1
nðCn � En �MnÞe�iðn�1Þh þ A� Ce2ih �

X1
n¼1

n An � F n � Ln

	 

eiðnþ1Þh

¼ 1

m0ðnÞ=R
1

jm0ðnÞ=Rj3

"
g0 þ h0 þ ðg1 þ h1Þe�ih þ ðg2 þ h2Þeih þ ðg3 þ h3Þe�2ih

þðg4 þ h4Þe2ih þ ðg5 þ h5Þe�3ih þ ðg6 þ h6Þe3ih þ h7e�4ih þ h8e4ih

þ
X1
n¼1

Sneiðnþ3Þh þ
X1
n¼1

T ne�iðnþ3Þh þ
X1
n¼1

U neiðnþ4Þh þ
X1
n¼1

V ne�iðnþ4Þh

#
: ð46Þ
The coefficients g0, gn(n = 1,2, . . . , 6), hn(n = 1,2, . . . , 8), Sn, Tn, Un and Vn are defined in Appendix A.
Next, employing a method similar to that used by Shen et al. (2000), 1

jm0ðnÞ=Rj3 can be expanded into an infinite
series of the following form (see Appendix B).
1

jm0ðnÞ=Rj3
¼ 1

ð1� mÞ3
ð1þ b� sin2 hÞ�3=2

; b� ¼ 4m

ð1� mÞ2
; ð47Þ

1þ b� sin2 h
	 
�3=2 ¼ I0 þ

X1
k¼1

I2kðei2kh þ e�i2khÞ;

ffi I0 þ
XJ�1

k¼1

I2kðei2kh þ e�i2khÞ þ I2J
ei2Jh þ e�i2Jh � mðei2ðJ�1Þh þ ei2ð1�JÞhÞ

ð1� me2ihÞð1� me�2ihÞ : ð48Þ
Eq. (48) can now be rewritten as
ð1þ b� sin2 hÞ�3=2 ffi 1

ð1� me2ihÞð1� me�2ihÞ f0 þ
XJ

k¼1

f2kðei2kh þ e�i2khÞ
" #

; ð49Þ
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where

f0 ¼ ð1þ m2ÞI0 � 2mI2;

f2k ¼ ð1þ m2ÞI2k � mI2k�2 � mI2kþ2 ðk ¼ 1; 2; . . . ; J� 1Þ;
f2J ¼ I2J � mI2J�2: ð50Þ
Take the denominator (1 � me2ih)(1 � me�2ih) into the first term of the right-hand side of Eq. (46), i.e.,
1

m0ðnÞ=R, and expand it into a power series of the following form (see Appendix B)." #

1

m0ðnÞ=R
1

ð1� me2ihÞð1� me�2ihÞ ¼
1

ð1� m2Þ2
X1
n¼1

mnei2nh þ 1þ
X1
n¼1

ðmn þ ð1� m2ÞnmnÞe�i2nh : ð51Þ
Thereafter, using Eqs. (47), (49) and (51), Eq. (46) becomes
X1
n¼1

nðCn � En �MnÞe�iðn�1Þh þ A� Ce2ih �
X1
n¼1

nðAn � F n � LnÞeiðnþ1Þh

¼ 1

ð1� mÞ3ð1� m2Þ2
X1
n¼1

mnei2nh þ 1þ
X1
n¼1

ðmn þ ð1� m2ÞnmnÞe�i2nh

" #
f0 þ

XJ

k¼1

f2kðei2kh þ e�i2khÞ
" #

�
�

g0 þ h0 þ ðg1 þ h1Þe�ih þ ðg2 þ h2Þeih þ ðg3 þ h3Þe�2ih þ ðg4 þ h4Þe2ih

þðg5 þ h5Þe�3ih þ ðg6 þ h6Þe3ih þ h7e�4ih þ h8e4ih

þ
X1
n¼1

Sneiðnþ3Þh þ
X1
n¼1

T ne�iðnþ3Þh þ
X1
n¼1

Uneiðnþ4Þh þ
X1
n¼1

V ne�iðnþ4Þh

#
: ð52Þ
By equating the coefficients of einh in Eq. (52), the relationships between the unknown coefficients can be
obtained. This yields a sufficient number of equations to solve for the unknown coefficients. Depending on
the level of accuracy required, different values of J and the number of the coefficients in the power series,
i.e., n, are chosen.

3. Numerical results and discussion

In this section, selected numerical results for the plane strain case are presented without loss of any gener-
ality. For plane strain case, the surface/interface effects are represented by the parameters s0 and KS (or s0, K1

and K6, see Appendix A). Experiments have been performed to determine the surface stress which has an order
of 1 N/m (Ruud et al., 1993; Josell et al., 1999). The embedded atom method was used by Miller and Shenoy
(2000) and Shenoy (2005) to determine the surface elastic constants. Their results indicated that the surface
elastic constants depend on the material type and the surface crystal orientation. For example, for Al [100]
surface: kS = 3.4939 N/m, lS = �5.4251 N/m, s0 = 0.5689 N/m, KS = �7.9253 N/m; while for Al [111] sur-
face: kS = 6.8511 N/m, lS = �0.3760 N/m, s0 = 0.9108 N/m, KS = 5.1882 N/m (Miller and Shenoy, 2000).
In the ensuing numerical results, unless specified otherwise, s0 = ±1 N/m and KS = 5.19, �7.92, ± 10 N/m.
Note that negative KS values are realistic based on atomistic calculations.

The number of the terms in the infinite series representation of the complex potential functions is chosen so that
the error in the numerical calculation is maintained below 1%. This is achieved by increasing the number of terms
in the series representation until the difference between two consecutive sums is less than 1%. Accuracy of the
numerical calculations is checked by setting the surface elastic constants and residual surface stress to negligibly
small values and comparing the resulting numerical solutions with the classical elasticity solution for an elliptic
hole in an infinite plane subjected to remote uniaxial tension. It is found that the two solutions agree very closely.

3.1. Infinite plane with an elliptical hole

An infinite plane of aluminum containing an elliptical hole under far-field loading is considered. The bulk
elastic constants for aluminum are: kM = 58.17 GPa, lM = 26.13 GPa (Meyers and Chawla, 1999). The effect



Fig. 3. Variation of stress concentration factor at h = 0 with hole size R and KS (a/b = 1.5) under uniaxial loading r1yy ¼ r0.
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of the surface elastic constant, KS = 2 lS + kS � s0, is first studied by setting s0 = 0. In this case, the stress con-
centration factor at h = 0, rtt/r0, is independent of the magnitude of the applied loading. Fig. 3 shows the
stress concentration factor for various hole sizes R[ = (a + b)/2] under uniaxial loading with a/b = 1.5. As
expected the classical solution in which s0 = 0 and KS = 0 is independent of the hole size, while the surface
stress effects cause the stress concentration to be size-dependent especially when R is less than 20 nm. The
stress concentration factor increases or decreases when KS < 0 or KS > 0. The surface stress effects are negli-
gible when R is over 40 nm and the stress concentration factor is equal to the classical elasticity solution. This
behavior is similar to that of the circular case (Tian and Rajapakse, 2007) and of the spherical case (Sharma
et al., 2003). However, for KS < 0, hoop stress is found to become highly oscillatory and singular at some val-
ues for R less than 6 nm. Such unstable behaviour is not noted for KS > 0 in which case the stress becomes
smaller as R decreases.

It is proposed to further investigate this phenomenon by considering the case of a circular hole under uni-
axial or biaxial loading. Closed-form analytical solution for the plane strain case is (Tian and Rajapakse,
2007)
rhh

r0

¼ 1þ D
2
þ 1� D

2
cos 2h�

1
2
ðK1K2 � 1Þð1þ DÞ þ s0=r0R0

1þ 2K1

�
3
2
ðK1K2 � 1Þð1� DÞ
1þ 4K1 þ K1K2

cos 2h; ð53Þ

rrr

r0

¼ 1þ D
2
�

1
2
ðK1K2 � 1Þð1þ DÞ þ s0=r0R0

1þ 2K1

þ ðK1K2 þ 2K1Þð1� DÞ
1þ 4K1 þ K1K2

cos 2h; ð54Þ

ur

r0R0=lM

¼ ðjM þ 1Þð1þ DÞ
8

�
1
2
ðK1K2 � 1Þð1þ DÞ þ s0=r0R0

2ð1þ 2K1Þ
� ð1� DÞ

4
cos 2h

�
1
4
ðjM þ 1Þð1þ 2K1Þð1� DÞ

1þ 4K1 þ K1K2

cos 2h�
1
4
ðK1K2 � 1Þð1� DÞ
1þ 4K1 þ K1K2

cos 2h; ð55Þ

uh

r0R0=lM

¼ 1� D
4

sin 2h�
1
4
ð1� jMÞð1� DÞð1þ 2K1Þ

1þ 4K1 þ K1K2

sin 2h�
1
4
ðK1K2 � 1Þð1� DÞ
1þ 4K1 þ K1K2

sin 2h: ð56Þ
Here, r0 is the applied loading magnitude, R0 is the radius of the circular hole and D = 0 for uniaxial load-
ing and D = 1 for biaxial loading. Note that when KS < 0, K1 is negative. Therefore, the denominators con-
taining K1 in Eqs. (53)–(56) can be zero for certain radii resulting in singular stress and displacement fields.
The corresponding radii are very small, less than 1 nm, for the values of KS corresponding to aluminum. A
similar phenomenon exist for the elliptical case, however, there appear to be many hole sizes R which induce
singular stresses. Some of these R values can be relatively large (>5 nm) depending on the geometry of the
ellipse, surface elastic constant KS and elastic properties of the matrix material.
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The authors developed a finite element scheme based on Gurtin–Murdoch theory to further compare with
the current numerical solutions. Details are not presented here for brevity but the finite element solutions also
show unstable regions for negative KS values. Following Murdoch (1976), the surface elasticity tensor is posi-
tive semi-definite. This is in contrast to the bulk elasticity tensor which is positive definite. The uniqueness of
the solution is related to the condition of positive definiteness of total energy (i.e., bulk and surface) as surfaces
cannot exist alone. The finite element simulations show that total stiffness matrix remains positive definite for
negative KS until the inhomogeneity dimensions reduce below some critical values. Thereafter, the total stiff-
ness for negative KS could become non-positive definite because the stiffness contribution associated with the
surface elasticity tends to dominate over that due to bulk elasticity. This results in ill-conditioning of the stiff-
ness matrix and unstable solutions for some inhomogeneity dimensions as in Fig. 3. Note that for R > 30 nm
(Fig. 3), the surface energy effects are negligible for any KS value and the solution is very close to the classical
solution based only on bulk elasticity. The theoretical basis for the unstable behaviour of the solution for neg-
ative KS is therefore the positive semi-definite nature of the surface elasticity tensor. Some issues related to
surface energy at the nanoscale were recently discussed by Lodziana et al. (2004) and Mathur et al. (2005).
The present model does not include plastic properties and other non-linearities of nanoscale materials which
can also affect the response of a nanoscale structure.

Fig. 4 shows the stress concentration factor for various hole sizes R with a/b = 3 under uniaxial loading.
The result is similar to the case of a/b = 1.5. However, the effect of the surface elastic constants KS is more
significant. Stress concentration shows high size-dependency when R is less than 40 nm. The difference
between the classical and the current results can reach over 20% when R = 2 nm for KS > 0. Tangential stress
for KS < 0 is unstable below 15 nm. It is noted that the results are similar for other values of a/b, and as the
value of a/b increases, the effect of the surface elastic constant KS becomes more pronounced and the value of
R below which the stress becomes unstable when KS < 0 increases.

Fig. 5 shows the variation of normalized tangential stress [rtt(R,h)/r0] along the surface of a hole with a/
b = 1.5 and R = 6 nm under uniaxial loading when s0 = 0. For positive value of KS, the normalized stress is
reduced at h = 0 and increased at h = p/2 when compared to the classical result. Opposite behavior can be seen
for negative value of KS. Fig. 6 shows the variation of stresses r22 and r11 along the positive x1-direction. The
surface stress effect is significant only near the hole surface but diminishes quite rapidly as x1 increases espe-
cially in the case of r22. Fig. 6b shows that, when compared to the classical solution, the normalized stress r11/
r0 is higher near the hole surface but slightly smaller far from the hole for positive values of KS. Opposite
behavior is noted for negative values of KS. Similar behavior of stresses along the hole surface and x1-direction
is observed for other values of a/b as well.

Consider next the influence of residual surface stress s0 on a plane containing an elliptical hole by setting
KS = 0 (or K1 = 0). The numerical solutions for stress do not show any instability problem with respect to s0.
Fig. 4. Variation of stress concentration factor at h = 0 with the hole size R and KS (a/b = 3) under uniaxial loading r1yy ¼ r0.



Fig. 5. Variation of stress r11 along hole surface under uniaxial loading r1yy ¼ r0 (a/b = 1.5, R = 6 nm).

Fig. 6. Variation of stresses r22 and r11 along the x1-direction for different KS under uniaxial loading r1yy ¼ r0 (a/b = 1.5, R = 6 nm). (a)
Variation of stresses r22. (b) Variation of stresses r11.
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This behaviour can be easily confirmed from Eq. (53) for the circular case as the denominators cannot be equal
to zero. To show the effect of s0, let rC

22 and rC
11 denote the stress components corresponding to the classical

elasticity solution, respectively, and let rS
22 and rS

11 denote the stress components due to the residual surface
stress s0. Fig. 7 shows the variation of rC

22 and rC
11 normalized by r0 and rS

22 and rS
11 normalized by s0/R along

the positive x1-direction under uniaxial loading when a/b = 1.5. The residual surface stress shows a significant
influence on stress field only in the vicinity of the hole surface. Its effect is negligible at a distant greater than
four times the major semi-axis. Note that normalized stress components due to s0 shown in Fig. 7 are inde-
pendent of R.
3.2. Infinite plane with an elliptical inhomogeneity

Nanoscale inhomogeneities are found in modern developments such as quantum dots and nano-compos-
ites. To show the surface/interface effect on the elastic field, a matrix–inhomogeneity system made out of



Fig. 7. Variation of stress components of r22 and r11 along the x1-direction for a hole with residual surface stress under uniaxial loading
r1yy ¼ r0ða=b ¼ 1:5; s0 6¼ 0Þ. (a) Variation of stresses r22. (b) Variation of stresses r11.

Fig. 8. Variation of normalized stress at h = 0 on the interface with the inhomogeneity size R and KS(a/b = 1.5) under a uniform
dilatational eigenstrain e* (solid line for matrix and dash line for inhomogeneity).
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InAs/GaAs is considered. The bulk elastic constants used are: kI = 50.66 GPa, lI = 19.0 GPa for InAs, and
kM = 64.43 GPa, lM = 32.9 GPa for GaAs (Sharma and Ganti, 2002).

The influence of an eigenstrain, e*, in the inhomogeneity is now considered in the absence of far-field load-
ing. Fig. 8 shows the normalized stress rtt/lIe* on the interface in the inhomogeneity and the matrix for var-
ious values of R for a/b = 1.5. The size-dependent behaviour of the stress field is evident for an inhomogeneity
with R smaller than 15 nm. The effect of KS is slightly more pronounced in the inhomogeneity than in the
matrix and stress becomes unstable for KS < 0 when R is below 3 nm.

Now consider Eshelby’s problem in the presence of surface/interface effects. Eshelby (1957) obtained a uni-
form elastic field for an ellipsoidal inhomogeneity under a uniform eigenstrain in the classical case. As shown
in Fig. 9, the non-dimensional normal strains in the x1-direction and x2-direction are no longer uniform and
vary along the interface (in the inhomogeneity, e = ee + e*, where e is the actual strain and ee is the elastic



Fig. 9. Variation of normalized strain along the interface of an inhomogeneity for different values of KS and R under a uniform
dilatational eigenstrain.
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strain). As the inhomogeneity becomes smaller (e.g., R = 10 nm), the effects of KS and the non-uniformity of
the elastic field are more prominent. The non-uniformity of strain field is more obvious as a/b increases and
more surface stress effects can be observed for ee

22 than ee
11. Similar behavior is observed for shear strain.

Eshelby tensor is therefore size-dependent and non-uniform for an elliptical inhomogeneity, which is consis-
tent with the conclusion pointed out by Sharma and Ganti (2004) for an inhomogeneity with non-constant
curvature.

4. Summary and conclusion

In this paper, elastic state of an infinite matrix with a nanoscale elliptical inhomogeneity under arbi-
trary remote loading or a uniform eigenstrain in the inhomogeneity is studied. The formulation is
based on the Gurtin–Murdoch surface/interface elasticity model and the complex potential function
method of Muskhelishvili for plane elasticity problems. The analytic potential functions, which are
expressed by infinite power series, can only be obtained approximately. The numerical results show
that the elastic state is size-dependent when the inhomogeneity dimensions are below 50 nm. Stress con-
centration can be decreased or increased due to the local hardening/softening around the surface/inter-
face depending on whether the surface elastic constant parameter KS is positive or negative. The
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solutions for stresses show unstable behaviour below a certain value of R when the surface elastic con-
stant KS is negative. This behaviour is related to the positive semi-definite nature of the surface elas-
ticity tensor. The effect of the residual surface/interface stress also depends on the size of the hole/
inhomogeneity but the resulting stress field shows no instability. Eshelby tensor for a uniform eigen-
strain is size-dependent and no longer uniform in the presence of surface/interface stresses. The present
solution is a benchmark solution that can be used in the verification of accuracy of numerical methods
for the present class of problems and study of effective properties of nano-composites.
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Appendix A

Using the expression for the curvature 1
R0
¼ ð1�m2Þ=R

jm0ðnÞ=Rj3 (see Appendix B) and Eq. (16), the interface stress in the
matrix can be expressed as
1
2
rS

tt

R0

� �
M

m0ðnÞm0ðnÞ=R ¼ ð1� m2Þ
jm0ðnÞ=Rj3

1
2
s0m0ðnÞm0ðnÞ

R2
þ K1

HMðnÞn2

R
þHMðnÞn2

R

 !"

þðK1 þ K4ÞK2

/0MðnÞm0ðnÞ
R

þ /0MðnÞm0ðnÞ
R

 !#)
; on C; ðA1Þ
where
K1 ¼
KS

8lMR
; KS ¼ 2lS þ kS � s0; K2 ¼

2lM

QM

; K4 ¼
kS þ s0

4lMR
vM

vM � 1
: ðA2Þ
By using Eqs. (16), (42) and (43), the derivative term in Eq. (45) is written as
i
1
2
oðrttÞM

ot
m0ðnÞm0ðnÞ=R ¼ 1

jm0ðnÞ=Rj3
�K1H

0
MðnÞ

R

�
½�mnþ ð1þ m2Þn3 � mn5� � K1HMðnÞ

R

� ½2ð1þ m2Þn2 � 4m� þ K1H
0
MðnÞ

R
½�mn�5 þ ð1þ m2Þn�3 � mn�1�

þ K1HMðnÞ
R

½2ð1þ m2Þn�2 � 4m� � K2ðK1 þ K4Þ

� /00MðnÞm0ðnÞ
R

� /0MðnÞm00ðnÞ
R

� 

ðm0ðnÞÞ2n

R2
þK2ðK1 þ K4Þ

� /00MðnÞm0ðnÞ
R

� /0MðnÞm00ðnÞ
R

" #
ðm0ðnÞÞ2n

R2

)
; on C: ðA3Þ
In the inhomogeneity, considering the effect of eigenstrain, the actual strain is regarded as the sum of elastic
strain and eigenstrain. However, the calculation is the same as that in the matrix and the result is similar. In
Eqs. (A1), (A2), (A3), /M and HM are replaced by /I and HI, respectively; K1 and K2 by K6 and K7, respec-
tively; K4 by K5; s0 by s0 + 8(K6 + K5)lI Re*, and others keep the same. Here
K5 ¼
kS þ s0

4lIR
vI

vI � 1
; K6 ¼

KS

8lIR
; K7 ¼

2lI

QI

: ðA4Þ
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Multiplying Eq. (45) by a factor m0ðnÞm0ðnÞ=R
m0ðnÞ=R and using Eqs. (24), (25), (31), (32), (A1) and (A3)

yields
m0ðnÞm0ðnÞ=R
m0ðnÞ=R

rS
tt

R0

þ i
orS

tt

ot

� 

¼ 1

m0ðnÞ=R
1

jm0ðnÞ=Rj3
½g0 þ h0 þ ðg1 þ h1Þe�ih þ ðg2 þ h2Þeih þ ðg3 þ h3Þe�2ih

þ ðg4 þ h4Þe2ih þ ðg5 þ h5Þe�3ih þ ðg6 þ h6Þe3ih þ h7e�4ih þ h8e4ih

þ
X1
n¼1

Sneiðnþ3Þh þ
X1
n¼1

T ne�iðnþ3Þh þ
X1
n¼1

Uneiðnþ4Þh þ
X1
n¼1

V ne�iðnþ4Þh�; on C;

ðA5Þ
where
g0 ¼
1

2
s0ð1� m4Þ þ K2ðK1 þ K4Þð2� 2m2ÞAþ 4K1mðD0 � D0Þ

þ K2ðK1 þ K4Þ½ð5m� m3ÞA1 þ ð�3m� m3ÞA1� þ 12K2ðK1 þ K4Þm2ðA3 þ A3Þ

þ K1ð1� m2ÞðD2 þ D2Þ þ 4K1mð�D4 þ D4Þ;

g1 ¼ 14K2ðK1 þ K4ÞmA2 þ 6K2ðK1 þ K4Þm2A2 � 20K2ðK1 þ K4Þm2A4

þ 2K1D3 þ 3K1mD3 � 5K1mD5;

g2 ¼ �6K2ðK1 þ K4Þm2A2 þ K2ðK1 þ K4Þð�10m� 4m3ÞA2 þ 20K2ðK1 þ K4Þm2A4

� 3K1mD3 � 2K1m2D3 þ 5K1mD5;

g3 ¼ �
1

2
s0mð1� m2Þ þ K2ðK1 þ K4Þðm� m3ÞAþ K1ð3þ m2ÞD0

þ K2ðK1 þ K4Þ½ð�3þ m2ÞA1 þ 2m2A1 þ ð27mþ 3m3ÞA3 � 30m2A5�

þ 2K1mðD2 þ D2Þ þ K1ð3þ m2ÞD4 � 6K1mD6;

g4 ¼ �
1

2
s0mð1� m2Þ þ K2ðK1 þ K4Þð3m3 � 3mÞA� K1ð1þ 3m2ÞD0

þ K2ðK1 þ K4Þ½�2m2A1 þ ð1þ m2ÞA1 þ ð�21m� 9m3ÞA3 þ 30m2A5�

� 2K1mD2 � 2K1mD2 þ K1ð�1� 3m2ÞD4 þ 6K1mD6;

g5 ¼ K2ðK1 þ K4Þ½ð�8� 2m2ÞA2 þ ð44mþ 8m3ÞA4 � 42m2A6�

þ K1mD3 þ K1ð4þ 2m2ÞD5 � 7K1mD7;

g6 ¼ K2ðK1 þ K4Þ½ð4þ 6m2ÞA2 þ ð�36m� 16m3ÞA4 þ 42m2A6�

� K1mD3 þ K1ð�2� 4m2ÞD5 þ 7K1mD7;

Sn ¼ K2ðK1 þ K4Þ½mðn� n2ÞAn þ ðnþ 2Þ½nþ 2þ ð2nþ 3Þm2�Anþ2�

þ K2ðK1 þ K4Þfðnþ 4Þ½mþ m3 � ðnþ 5Þð2mþ m3Þ�Anþ4 þ ðnþ 6Þðnþ 7Þm2Anþ6g

þ K1ðn� 1ÞmDnþ3 þ K1½3þ m2 � ðnþ 5Þð1þ m2Þ�Dnþ5 þ K1ðnþ 7ÞmDnþ7;

T n ¼ K2ðK1 þ K4Þ½ðn2 � nÞmAn � ðnþ 2Þð2nm2 þ m2 þ nþ 4ÞAnþ2�

þ K2ðK1 þ K4Þ½ðnþ 4Þðnm3 þ 2m3 þ 2nmþ 11mÞAnþ4 � ðnþ 6Þðnþ 7Þm2Anþ6�

þ K1ð1� nÞmDnþ3 þ K1½ðnþ 5Þð1þ m2Þ � ð1þ 3m2Þ�Dnþ5 � K1ðnþ 7ÞmDnþ7; ðA6Þ
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h0 ¼
1

2
½s0 þ 8ðK5 þ K6ÞlIRe��ð1� m4Þ þ K6½4mðO0 � O0Þ þ ð1� m2ÞðP 2 þ P 2Þ þ 4mðP 4 � P 4Þ�

þ K7ðK5 þ K6Þ½ð1� 5m2ÞE1 þ ð1þ 3m2ÞE1 þ 12mðE3 � E3Þ�
þ K7ðK5 þ K6Þ½ð5m� m3ÞF 1 þ ð�3m� m3ÞF 1 þ 12m2ðF 3 � F 3Þ�;

h1 ¼ �5K6mO1 þ 3K6mP 1 þ 2K6P 1 þ 2K6P 3 þ 3K6mP 3 � 5K6mP 5

þ K7ðK5 þ K6Þ½6mE2 þ ð4þ 10m2ÞE2 � 20mE4�
þ K7ðK5 þ K6Þð14mF 2 þ 6m2F 2 � 20m2F 4Þ;

h2 ¼ 5K6mO1 � 2K6m2P 1 � 3K6mP 1 � 3K6mP 3 � 2K6m2P 3 þ 5K6mP 5

� K7ðK5 þ K6Þð14m2E2 þ 6mE2 � 20mE4Þ
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� 2K6mðP 2 þ P 2Þ � K6ð1þ 3m2ÞP 4 þ 6K6mP 6

þ K7ðK5 þ K6Þ½ð3m3 � mÞE1 � 2mE1 � ð3þ 27m2ÞE3 þ 30mE5�
þ K7ðK5 þ K6Þ½�2m2F 1 þ ð1þ m2ÞF 1 � ð21mþ 9m3ÞF 3 þ 30m2F 5�;

h5 ¼ K6ð4þ 2m2ÞO1 � 7K6mO3 þ K6mP 1 þ K6mP 3 þ K6ð4þ 2m2ÞP 5 � 7K6mP 7

� K7ðK5 þ K6Þ½ð6mþ 4m3ÞE2 � ð16þ 36m2ÞE4 þ 42mE6�
þ K7ðK5 þ K6Þ½ð�8þ 2m2ÞF 2 þ ð44mþ 8m3ÞF 4 � 42m2F 6�;

h6 ¼ �K6ð2þ 4m2ÞO1 þ 7K6mO3 � K6mP 1 � K6mP 3 � K6ð2þ 4m2ÞP 5 þ 7K6mP 7

þ K7ðK6 þ K5Þ½ð2mþ 8m3ÞE2 � ð8þ 44m2ÞE4 þ 42mE6�
þ K7ðK6 þ K5Þ½ð4þ 6m2ÞF 2 � ð36mþ 16m3ÞF 4 þ 42m2F 6�;

h7 ¼ K6ð5þ 3m2ÞO2 � 8K6mO4 þ K6ð5þ 3m2ÞP 6 � 8K6mP 8

þ K7ðK6 þ K5Þ½�ð15mþ 9m3ÞE3 þ ð25þ 55m2ÞE5 � 56mE7�
þ K7ðK6 þ K5Þ½�ð15þ 9m2ÞF 3 þ ð65mþ 15m3ÞF 5 � 56m2F 7�;

h8 ¼ �K6ð3þ 5m2ÞO2 þ 8K6mO4 � K6ð3þ 5m2ÞP 6 þ 8K6mP 8

þ K7ðK6 þ K5Þ½ð9mþ 15m3ÞE3 � ð15þ 65m2ÞE5 þ 56mE7�
þ K7ðK6 þ K5Þ½ð9þ 15m2ÞF 3 � ð55mþ 25m3ÞF 5 þ 56m2F 7�;

U n ¼ nK6mOn � K6½nþ 3þ ðnþ 5Þm2�Onþ2 þ ðnþ 8ÞK6mOnþ4

þ nK6mP nþ4 � K6½nþ 3þ ðnþ 5Þm2�P nþ6 � ðnþ 8ÞK6mP nþ8

� nðnþ 1ÞK7ðK6 þ K5Þm2Enþ1 þ K7ðK6 þ K5Þðnþ 3Þ½ð2nþ 3Þmþ ðnþ 5Þm2�Enþ3

� K7ðK6 þ K5Þðnþ 5Þ½nþ 3þ ð2nþ 13Þm2�Enþ5 þ ðnþ 7Þðnþ 8ÞK7ðK6 þ K5ÞmEnþ7

� nðnþ 1ÞK7ðK6 þ K5ÞmF nþ1 þ K7ðK6 þ K5Þðnþ 3Þ½nþ 3þ ð2nþ 5Þm2�F nþ3

þ K7ðK6 þ K5Þf�ðnþ 5Þ ð2nþ 11Þmþ ðnþ 5Þm3
� �

F nþ5 þ ðnþ 7Þðnþ 8Þm2F nþ7g;
V n ¼ �nK6mOn þ K6½nþ 3þ ðnþ 3Þm2�Onþ2 � ðnþ 8ÞK6mOnþ4

� nK6mP nþ4 þ K6½nþ 5þ ðnþ 3Þm2�P nþ6 � ðnþ 8ÞK6mP nþ8

þ nðnþ 1ÞK7ðK6 þ K5Þm2Enþ1 � K7ðK6 þ K5Þðnþ 3Þ½ð2nþ 5Þmþ ðnþ 3Þm2�Enþ3

� K7ðK6 þ K5Þðnþ 5Þ½nþ 5þ ð2nþ 11Þm2�Enþ5 � ðnþ 7Þðnþ 8ÞK7ðK6 þ K5ÞmEnþ7

þ nðnþ 1ÞK7ðK6 þ K5ÞmF nþ1 � K7ðK6 þ K5Þðnþ 3Þ½nþ 5þ ð2nþ 3Þm2�F nþ3

þ K7ðK6 þ K5Þfðnþ 5Þ ð2nþ 13Þmþ ðnþ 3Þm3
� �

F nþ5 � ðnþ 7Þðnþ 8Þm2F nþ7g: ðA7Þ
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Appendix B

Curvature of the ellipse

In the (x1, x2)-coordinate system, the equation of ellipse is
x2
1

a2
þ x2

2

b2
¼ 1: ðB1Þ
Note that the variable x2 can be written as a function of x1 based on Eq. (B1) and
x1 ¼
zþ �z

2
; x2 ¼

z� �z
2i

; z ¼ R nþ m
n

� �
; ðB2Þ
The curvature is expressed in terms of the complex variable n as follows:
1

R0

¼ jx002j
ð1þ x022 Þ

3=2
¼ ð1� m2Þ

R
1

jm0ðnÞ=Rj3
: ðB3Þ
Infinite series representation of ð1þ b� sin2 hÞ�3=2

Using the Fourier series in the complex form,
ð1þ b� sin2 hÞ�3=2 ¼ I0 þ
X1
k¼1

I2kðei2kh þ e�i2khÞ; ðB4Þ
where
I2k ¼
1

2p

Z 2p

0

ð1þ b� sin2 hÞ�3=2 cosð2khÞdh: ðB5Þ
For a large integer k, the right-hand side of Eq. (B4) approaches a geometric series and this can be easily
proved by a method similar to that used by Shen et al. (2000). Thus,
ð1þ b� sin2 hÞ�3=2 ¼ I0 þ
XJ�1

k¼1

I2kðei2kh þ e�i2khÞ þ
X1
k¼0

I2ðJþkÞ½ei2ðJþkÞh þ e�i2ðJþkÞh�: ðB6Þ
and consider the third term on the right-hand side as a geometric series for large integer J (approximately).
Therefore,
1þ b� sin2 h
	 
�3=2 ffiI0 þ

XJ�1

k¼1

I2kðei2kh þ e�i2khÞ þ I2J
ei2Jh

1� mei2h
þ e�i2Jh

1� me�i2h

� 

;

¼I0 þ
XJ�1

k¼1

I2kðei2kh þ e�i2khÞ þ I2J
ei2Jh þ e�i2Jh � m½ei2ðJ�1Þh þ ei2ð1�JÞh�

ð1� mei2hÞð1� me�i2hÞ : ðB7Þ
Power series expansion of 1
m0ðnÞ=R

1
ð1�mei2hÞð1�me�i2hÞ

Consider the following equations (|n| = 1)
1

1� me�i2h
¼
X1
n¼0

ðme�i2hÞn; 1

m0ðnÞ=R
¼ 1

1� me�i2h
¼
X1
n¼0

ðme�i2hÞn: ðB8Þ
Therefore,
1

m0ðnÞ=R
1

ð1� mei2hÞð1� me�i2hÞ ¼
1

1� m2ð Þ2
X1
n¼1

mn þ ð1� m2Þnmn
� �

e�i2nh þ 1þ
X1
n¼1

mei2h
	 
n

( )
: ðB9Þ
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