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Abstract: Many previous studies have been carried on the interaction between river flow and the seepage flow 
in the environmental point of view, but these hardly touch on the boundary conditions or the limitations for the 
interactions. The subsurface layer below the river is known as the hyporheic layer and it is a saturated band of 
sediment that surrounds river flow and forms a linkage between the river and the aquifer. The large velocity 
difference between the river flow layer and the seepage flow layer causes the instability of the flows. Due to 
this flow instability, a reciprocating flow motion is generated between the hyporheic layer and the above.  
Linear stability analysis technique is used to understand the stability of the natural flows in rivers as well as 
the flows occurred in the air by many researchers. In this study a linear stability analysis is carried out to 
presents the interaction between the river flow and seepage flow. Reynolds averaged Navier-Stokes equations 
and Brinkman-Forchheimer equations are used in order to formulate the river flow and seepage flow 
interaction. The open channel flow is analyzed by mixing length turbulent model and Spectral collocation 
method incorporated with the Chebyshev polynomials are used to perform the numerical solution of the 
perturbed equations.  
Instability diagrams are discussed with several slopes of the layers against the dimensionless particle diameter 
and wave numbers. It has been noted that the instability occurs even in the range of small dimensionless 
particle diameter with relatively high wave numbers if there is a seepage layer beneath the flow and the 
instability region increases with the slope when the wave numbers are at small values.   
 
Key-Words: - river flow, seepage flow, linear stability analysis, perturbations, growth rate contours  
 
1   Introduction 
Natural flows like river flow are difficult to be 
treated as lined cannel flow since the flow is 
influenced by the seepage flow. Literature shows 
that there is a great deal of research on the title in 
the environmental point of view, but few on the 
mechanism of interaction and the limitations for the 
interaction.  
Hyporheic layer can be defined as an active 
transition zone between the surface river and ground 
water, exchanging water, nutrients and organic 
matter. Up-welling subsurface water supplies river 
organisms with nutrients while down-welling river 
water provides dissolved oxygen and organic matter 
to microbes and invertebrates in the hyporheic zone 
equations (Andrew J. Boulton et al 1998, Daniele 
Tonina et al 2007 and Andrea Butturini et al 2002).  
Some analysis shows that the hyporheic zone is 
facilitating to exchange at-least 10% of the river 
water flow (Kenneth E. Bencala, 2000). These 
transitions are occurred due to the velocity 
differences in the two distinct flows. Rivers have 

currents generating turbulence and variable 
velocities, discharges in contrast the groundwater 
environments are stable with laminar flow. The 
difference of the velocities among the two layers is 
led to the instability at the interface between fast 
river flow and slow seepage flow.  
Therefore it is important to examine the instability 
between the river and seepage flows to present the 
limitations of the interactions. 
 
 
2 Conceptual Model  
Figure 1 shows the conceptual model which is used 
to formulate the both river and the seepage flow. 
The flow on the permeable layer is assumed to be in 
the normal flow condition and if this normal flow 
condition is stable, there is no water exchange 
between flows inside and outside of the permeable 
layer. Constant and same slope is assumed for both 
layers with the constant discharge in the stream-wise 
direction. The depth of the seepage layer is assumed 
to be comparable with the flow depth in the river 
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flow layer. x’ is considered as the stream-wise 
direction and the y’ is considered the normal 
direction to the stream wise direction in a 
dimensional manner. Turbulent flow in rivers are 
formulated using the Navier-Stokes equations and 
the seepage flow is formulated by Brinkman-
Forchheimer equations. Small perturbations are 
introduced on the normal flow condition and 
analysis is carried out to obtain the behavior of the 
perturbations with the time in terms of linear 
stability analysis.  
 

 
 

Fig. 1: The conceptual diagram of the model 
 

 
3 Problem formulation  
3.1 Governing equations for the river flow 
River flow is formulated using the Navier-Stokes 
equations without time derivative terms. The time 
scale for the river flow is extremely small with the 
comparison of it in the seepage layer flow and it has 
been abolished from the governing equations. Non-
dimensional governing equations are shown as  
 

1xyxx TTU U PU V
x y x x y

∂∂∂ ∂ ∂
+ = − + + +

∂ ∂ ∂ ∂ ∂
              (1) 

1yx yyT TV V PU V
x y y x y S

∂ ∂∂ ∂ ∂
+ = − + + −

∂ ∂ ∂ ∂ ∂
            (2) 

0U V
x y

∂ ∂
+ =

∂ ∂
                         (3) 

 
where x and y are the stream-wise and normal to the 
stream-wise direction respectively. U and V are the 
components of the velocity in the river flow in the x 
and y directions respectively, S, P and Tij (i, j = x, y) 
are the average bed slope, the pressure and the 
Reynolds stress tensor respectively. The above 
equations have been non-dimensionalized by 
 

( ', ') ' ( , )fnU V U U V=                    (4) 

( ', ') ' ( , )nx y H x y=                    (5) 

2( ', ') ( ' ) ( , )ij fn ijP T U P Tρ=                (6) 

' ' ' ( )T fn n TU Hν ν=                      (7) 

( ', ', ') ' ( , , )nH l R H H l R=                 (8) 

' 'fn nU gH S=                       (9) 
 
where U’fn and H’n are the friction velocity and the 
flow depth in the base state flat bed condition. The 
Reynolds stress tensor is expressed by using the 
mixing length turbulent model which has been 
improved in the forms (M. Colombini, 2004)   
 

( , ) 2 ( , )xx yy T
U VT T
x y

ν ∂ ∂
=

∂ ∂
                                     (10) 

( ) ( )xy yx T
U VT T
y x

ν ∂ ∂
= = +

∂ ∂
                                  (11) 

2
T

Ul
y

ν ∂
=

∂
                                                               (12) 

( ) H yl y R
H

κ −
= +                                              (13) 

 
where νT, l, z, H and R are the eddy viscosity, 
mixing length, bed elevation, the flow depth and the 
reference level at which the velocity vanishes in the 
logarithmic velocity distribution respectively, and κ 
is the Karman constant which is 0.4 in this analysis. 
 
3.2 Governing equations for the seepage flow 
Seepage flow is expressed by the Brinkman-
Forchheimer equations (Derek B. Ingham and Iioan 
Pop 2002) and the continuity equation in the non-
dimensional form.  

2

1 1 ( )u u u pu v
t x y xλ λ

∂ ∂ ∂ ∂
+ + = − +

∂ ∂ ∂ ∂
 

2 21xyxx Fcu u u v
x y K K

ττ µ∂∂
+ + − − +

∂ ∂
   (14) 

2

1 1 ( )v v v pu v
t x y yλ λ
∂ ∂ ∂ ∂

+ + = − +
∂ ∂ ∂ ∂

 

2 21yx yy Fcv v u v
x y S K K
τ τ µ∂ ∂

+ − − − +
∂ ∂

   (15) 

0u v
x y
∂ ∂

+ =
∂ ∂

                                                            (16) 

 
where u and v are the components of the virtual 
velocity in the permeable layer in the x and y 
directions respectively, p, µ and λ are the pressure, 
the viscosity of water and the porosity respectively, 

S Impermeable Layer 

Seepage  
Flow Layer 

River Flow Layer
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and τij (i, j = x, y)which is the stress component of 
the seepage layer is expressed in the following form;  
 

( , ) 2 ( , )xx yy
u v
x y

µτ τ
λ

∂ ∂
=

∂ ∂
                                      (17) 

( ) ( )xy yx
u v
y x

µτ τ
λ

∂ ∂
= = +

∂ ∂
                                    (18) 

 
The above equations have been normalized by  
 
( ', ') ' ( , )ru v U u v=                                                   (19) 

2( ', ') ' ( , )ij fn ijp U pτ ρ τ=                                        (20) 

' ' ' ( )fn nU Hµ ρ µ=                                                 (21) 
2' ' ( )nK H K=                                                          (22) 

0t T t=                                                                          (23) 
'

'
'r

gSKU ρ
µ

=                                                            (24) 

'

0
rUT

gSλ
=                                                                   (25) 

 
where U’r is sufficiently smaller than U’fn and the 
time scale for the seepage flow, T0 is sufficiently 
higher than the time scale of river flow.  
 
 
3.3 Boundary and matching conditions 
Tangential and normal stresses are vanished at the 
water surface (y = H). The kinematic boundary 
condition at the water surface is expressed as 
 

H HV U
t x

∂ ∂
= +

∂ ∂
                                                (26) 

 
From the river flow layer to the seepage layer (y = 
0) it has been assumed that the pressure and the 
tangential velocity are continuous, but shear stress is 
to be discontinuous. The following combination is 
obtained using the depth average continuity equation 
for the seepage layer.  
 

(0) 0uh v
x
∂

+ =
∂

                                                   (27) 

 
where ū is the depth average velocity in the seepage 
layer for the x direction and it is assumed to be a 
constant along the depth of the seepage layer. Also 
the velocity in the depth direction is assumed to be 

vanished and the shear stress is assumed to be 
neglected. 
 
 
4   Base State Solution 
4.1 Base state solution for river flow layer  
The base state solution is obtained from the Navier 
Stokes equations without perturbations in the flat 
bed normal flow conditions. The governing 
equations are solved using boundary conditions to 
get the logarithmic velocity distribution in the river 
flow layer as   
 

1 ln( )y RU u
Rκ
+

= +                                                (28) 

 
4.2 Base state solution for seepage flow layer 
In the steady state, time and x derivative terms are 
dropped. From the Brinkman-Forchhimer equations, 
the depth-averaged velocity in the x direction is 
obtained as  

2 4 2 3/2

3/2

4
2

F

F

c K
u

c K
µ µ µ− + +

=             (29) 

 
 

5   Linear Stability Analysis 
Stream function is introduced to the river flow and 
variables are expanded in the forms 
  

( , ) ,U V
y x
ψ ψ ∂ ∂

= − ∂ ∂ 
                                            (30) 

00 0( , , , ) ( , ,1, )P H u P uψ ψ= + 

                                                    11 1 1( , , , )A P H uψ  (31) 

11 1 1( , , , )P H uψ =  

               ( )
11 1 1( ), ( ), ( ), i kx ty P y H y u e ωψ − = +          (32) 

 
where A is the amplitude of the perturbation, which 
is an infinitesimally small, k and ω are the wave 
number and the complex angular frequency of the 
perturbation, respectively. Governing equations are 
solved mathematically using the Chebyshev 
polynomials. Porosity is considered to be 0.6 for the 
analysis. 
 
 
6 Results 
It has been understood that the particle diameter of 
the sediments and the longitudinal slope of the river 
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and seepage layer are the two most important factors 
to the hyporheic interaction (Daniele Tonina et al 
2007 and Andrew J. Boulton et al 1998). Therefore 
the analysis was carried out for two slopes of the 
combined river flow and seepage flow layers as 
0.001 and 0.01. Also the growth rate contours are 
plotted in the dimensionless particle diameter (Dp) 
and wave number (k) axes system. Fig. 2 and Fig. 3 
show the imaginary part of the growth rate of 
perturbation as a function of dimensionless particle 
diameter and the wave number when the slopes are 
0.001 and 0.01 respectively. These instability 
diagrams were obtained at the small wave numbers. 
 

 
Fig. 2: The imaginary part of the growth rate 

contours of the perturbations for S = 0.001 with 
small wavenumbers 

 
 

 
Fig. 3: The imaginary part of the growth rate 

contours of the perturbations for S = 0.01 with small 
wavenumbers 

 
The dimensionless particle diameter was non-
dimensionalized by 
 

 'p
n

dD
H

=                                                           (33) 

 
where d is the particle diameter. In order to address 
the real situation, the particle diameter should be 
small enough with the height of the river flow layer. 
Therefore the considered dimensionless particle 
diameter was decreased. The particle diameter is 
considered to be one tenth of the river water depth 
as the maximum. Fig. 4 and Fig. 5 are the magnified 
figures along the dimensionless particle diameter 
axis.  
 

 
Fig. 4: The magnified imaginary part of the growth 

rate contours of the perturbations S = 0.001 with 
small wavenumbers 

 
  

  
Fig. 5: The magnified imaginary part of the growth 

rate contours of the perturbations S = 0.01 with 
small wavenumbers 

 
Fig. 6 and Fig. 7 show the real part of the growth 
rate contours of the perturbations in the small wave 
numbers when the slopes are 0.001 and 0.01 
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respectively. The phase velocities of the waves are 
denoted by these contour lines in the dimensionless 
particle diameter and wavenumber axes system.  
 

 
Fig. 6: The real part of the growth rate contours of 

the perturbations for S = 0.001 with small 
wavenumbers 

 

 
 Fig. 7: The real part of the growth rate contours of 

the perturbations for S = 0.01 with small 
wavenumbers 

 
Another instability region is found when the 
wavenumbers are in the range of 40 to 100 and the 
imaginary part of the growth rate contours of the 
perturbations are shown at 0.001 and 0.01 slopes 
respectively by Figs. 8 and 9.  
Figs. 10 and 11 are the real part of the growth rate 
contours of the perturbations and these denote the 
phase velocities of the waves as discussed above for 
Figs. 6 and 7. 
 

 
Fig. 8: The imaginary part of the growth rate 

contours of the perturbations for S = 0.001 with 
large wavenumbers 

 
 

 
Fig. 9: The imaginary part of the growth rate 

contours of the perturbations for S = 0.01 with large 
wavenumbers 

 

 
Fig. 10: The real part of the growth rate contours of 

the perturbations for S = 0.01 with large 
wavenumbers 
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Fig. 11: The real part of the growth rate contours of 

the perturbations for S = 0.001 with large wave 
numbers 

 
7 Conclusions 
The thick black lines of Figs. 2 - 9 show the neutral 
curve where the growth rate of is zero. Inside the 
neutral curve growth rate is positive, which means 
that the growth rate of the perturbation that we have 
introduced increases. Therefore it can be concluded 
that the normal flow is unstable. This means that the 
instability occurs among the river flow and seepage 
layers inside the neutral curve at the shown wave 
numbers and the dimensionless particle diameters.  
Outside the neutral curve the growth rate is negative 
which means that the growth rate of the small 
perturbation decreases. Therefore it can be 
concluded that the normal flow is stable and 
instability is not occurred the outside of the neutral 
curve. 
It is important to recognize another instability region 
when the wave numbers are comparably high as 
shown in Figs. 8 and 9. This means that the wave 
lengths are quite small and interaction occurs with 
the small wavelengths. Even though it is quite 
strange the theoretical results should be further 
understood through an experimental study. 
By comparison of the Figs. 4 and 5 it has been noted 
that the range for the occurrence of instability region 
increases with the slope. However this interesting 
process cannot be understood from the Figs. 8 and 9. 
Therefore, it can be concluded that the interaction is 
improved with the slope when the wave numbers are 
small enough.  
It is understood that the phase velocities of waves 
are increased with the dimensionless particle 
diameter rapidly from the Figs. 6, 7, 10 and 11. 
Therefore the experimental studies should be carried 
out in the small number of dimensionless particle 
diameters.  
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