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ABSTRACT Non-Binary Low-Density Parity-Check (LDPC) codes have gained significant attention due to
their remarkable error correction capabilities in various communication systems. Decoding algorithms play
a pivotal role in realizing the potential of non-binary LDPC codes. This paper provides a comprehensive
review and analysis of non-binary LDPC decoding algorithms, focusing on their efficiency, complexity, and
performance. Furthermore, recent advancements and innovations in non-binary LDPC decoding algorithms
are discussed, such as improved message passing strategies, layered decoding techniques, and adaptive
algorithms. The review also highlights challenges and open research directions in non-binary LDPC
decoding, such as mitigating error floors, reducing decoding complexity, and integrating with emerging
communication technologies. Finally, the paper draws conclusions on the current state of non-binary LDPC
decoding algorithms, underscoring their promising applications in wireless communication, visible light
communication (VLC), and power line communication (PLC). Simulation results demonstrate a marked
improvement in bit error rate performance for both VLC and PLC systems, highlighting the practical
potential of these advanced decoding techniques.

INDEX TERMS VLC, non-binanry LDPC decoding, decoding algorithms, channel coding, PLC, layered
decoding, IoT, message passing algorithm, sum product algorithm.

I. INTRODUCTION

Non-binary Low-Density Parity-Check codes present a
promising avenue for optimization [1] in the realm of energy
harvesting [2] and energy saving systems. These codes,
by virtue of their larger symbol alphabet and sparser parity-
check matrices, offer improved error-correcting performance.
Although non-binary LDPC codes typically have higher
decoding complexity than their binary counterparts, they
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offer improved error correction performance, making them
advantageous in scenarios where reliability is a critical factor.

In energy harvesting applications, where power availability
can be intermittent and unpredictable, the robustness of
non-binary LDPC codes ensures more reliable data transmis-
sion and storage, thereby maximizing the efficiency of the
harvested energy. Moreover, their enhanced error correction
capabilities translate to fewer retransmissions, which is
critical for conserving energy in low-power devices. Among
error correction codes, LDPC codes have evolved as powerful
tools for ensuring reliable transmission in communication
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systems. The work by Gallager in 1962 [3] laid the foundation
for LDPC codes, which are error-correcting codes with sparse
parity-check matrices. Later, Davey and Mackay expanded
upon this concept by introducing non-binary LDPC codes [4],
where the elements of the parity-check matrix are drawn from
a Galois field with order greater than 2 (GF (g), where g > 2).

Comparison of binary and non-binary LDPC codes shows
that non-binary LDPC codes outperform their binary coun-
terpart, particularly for short length codes. In particular, good
LDPC codes over GF(q) are defined by ultra-sparse matrices
and thereby easier to decode, and they empirically show better
performance around the waterfall region than their binary
counterparts, especially for small code-word lengths. Dave
and Mackay [4] used Monte Carlo methods to simulate the
behavior of the decoding algorithm applied to an infinite
LDPC code in an effort to investigate the effects of changes in
field order, code construction, and noise level on the decoding
performance. These Monte Carlo results have been used to
design better codes for practical decoding

Despite the advantageous bit error performance of
non-binary LDPC (NB-LDPC) codes, their decoding com-
plexity over GF(g > 2) poses a significant challenge.
For the received symbol sequence y € GF(q), each
element necessitates computation, storage in memory, and
exchange between variable (bit) nodes and check nodes
during decoding. The processing complexity at the check
nodes is notably higher compared to binary LDPC codes.
A primary drawback of NB-LDPC codes lies in their
substantial memory requirements and the complexity of
check node processing. At the check nodes, computation
involves convolving the messages [S]. This convolution can
be represented in the frequency domain by applying fast
Fourier transform (FFT) to mitigate computational costs.
This adaptation of the belief propagation decoding algorithm,
tailored for high-order Galois fields, yields a computational
complexity on the order of glog,(q).

The performance of LDPC codes, especially under iter-
ative belief propagation algorithms, heavily relies on the
distribution of short cycles and the overall structure of the
code’s Tanner graph [6], [7]. Short cycles play a crucial role,
particularly in the error floor phenomenon of low-density
parity-check codes, as they contribute to the formation
of trapping sets [8]. Consequently, it’s valuable to have
approximations for the number of cycles of specific lengths in
a given parity check matrix graph. Moreover, understanding
the distribution of short cycles of various lengths in an
ensemble of LDPC codes is also important.

Having knowledge of the cycle distribution in a Tanner
graph aids in the analysis and design of LDPC codes.
It provides insights into the code’s behavior under iterative
decoding, helps in identifying potential sources of perfor-
mance degradation such as trapping sets, and guides efforts to
mitigate these issues through code optimization or selection

To ensure the parity check matrix (PCM) of LDPC codes
is free of short cycles, a crucial constraint is the Row-Column
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constraint, which dictates that any two rows or columns of H
can share at most one position in common. This constraint
guarantees that the Tanner graph of an LDPC code is at least
free of four cycles.

Broadly, LDPC codes are constructed using two main
approaches:

1. Random-like LDPC Codes: These codes are constructed
through computational methods such as progressive edge
growth [6] and photograph-based methods [9]. In progressive
edge growth, the PCM is incrementally built by adding
edges between nodes based on certain criteria, aiming to
achieve desired properties such as low error rates and efficient
decoding. Photograph-based methods involve using images
or visual representations to generate LDPC codes, leveraging
properties such as randomness or regularity in the images to
construct effective codes.

2. Structured LDPC Codes: These codes are constructed
using algebraic techniques, including finite geometries [10],
combinatorial structures [11], [12], and finite fields [13],
[14]. In this approach, the structure of the LDPC code is
determined using mathematical principles, such as proper-
ties of finite geometries or combinatorial structures. This
allows for the creation of LDPC codes with specific
properties or tailored for certain applications. Both random-
like and structured LDPC codes have their advantages
and are suited for different scenarios. Random-like LDPC
codes are often favored for their simplicity and good
performance, especially when constructed using advanced
computational algorithms. It has been demonstrated that
irregular LDPC codes [15], [16] outperform regular LDPC
codes.

While randomly constructed regular and irregular LDPC
codes demonstrate good performance, their implementation
in hardware poses significant challenges due to their
high memory requirements and computational complexity.
To address this issue, systematically designed LDPC codes
called quasi-cyclic (QC) LDPC codes [10], [13], [14] have
been introduced. These codes offer performance close to
the channel capacity while requiring less memory [17].
QC LDPC codes, represented by b x b circulant matrices
as base matrices, have gained recognition in various com-
munication standards. For instance, they are included in the
CCSDS [18] recommendation for deep space and near-earth
telemetry applications, where their efficiency and reliability
are paramount.

« Comprehensive Review: This paper presents the
first comprehensive review of non-binary Low-Density
Parity-Check codes, analyzing their performance and
practical applications in modern communication sys-
tems.

o Focus on Specific Applications: We specifically
examine the application of low complexity non-binary
LDPC codes in Visible Light Communication and
Power Line Communication systems, highlighting their
effectiveness in these environments.
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TABLE 1. Non-binary LDPC algorithms.

Message Passing

Majority Logic & Reliability Decoding

Symbol Flipping

QPSA & FFT-QSPA IHRB & ISRB

Algorithm B and weighted SFD

Min-Sum & Min-Max Enhanced-IHRB and ISRB

Parallel SFD (PSFD)

Trellis Based Min-Sum

Weighted Bit Reliability Based (WBRB)

Enhanced Serial GBFDA (Improved by MV-SF)

Mixed Domain SPA Full Bit Reliability

Multiple Voting PSFD,D-SFD, VB MSFD and other variants

Extended-Min-sum Bit level NB decoding

1JDD and its variants

Other Minor variants Other Minor variants

Other Minor variants

o Performance Insights: The paper demonstrates the
superior performance of non-binary LDPC codes,
particularly for short-length codes, showing how they
can significantly enhance communication reliability and
efficiency in VLC and PLC systems.

« Identification of Advantages: We identify and articu-
late the potential advantages of non-binary LDPC codes
over binary counterparts, particularly in terms of error
correction capabilities and implementation strategies.

o Guidance for Future Work: This review provides
valuable insights and guidance for researchers and
practitioners, suggesting directions for future research
and practical implementation strategies in the field of
non-binary LDPC codes.

The rest of the paper is organized as follows: Section II
provides an overview of the NB-LDPC codes. Section III
presents the research background and motivation, while
Section IV presents the analysis of the relationships in the
NB-LDPC literature. Section V highlights the construction of
NB-LDPC codes and Section VI explores various decoding
algorithms and their performance trade-offs. Section VII
presents an evaluation of the performance of NB-LDPC codes
through simulations and Section VIII explains the complexity
involved in NB-LDPC decoding. Section IX discusses prac-
tical implementations in VLC and PLC systems. Section X
covers the future research direction, and finally, Section XI
concludes the paper with key contributions.

Il. LITERATURE OVERVIEW
Non-binary low-density parity check codes, an extension
of binary LDPC codes [4], [19], [20], have demonstrated
superior bit error rate (BER) performance. These codes allow
codewords to be transmitted as binary sequences, where
symbols defined over GF (q) are mapped to binary sequences
and transmitted over a binary input channel. Upon reception,
the NB-LDPC decoder demaps the received bit vectors back
to symbols. However, LDPC codes defined over high-order
Galois fields GF(q > 2) face significant computational
complexity challenges. To address this, the Fast Fourier
Transform (FFT)-based sum product algorithm (FFT-SPA)
[5] was introduced for decoding NB-LDPC codes, aiming
to reduce the complexity of check node computations in
hardware.

The high check node computational complexity of the
QSPA decoder is a major obstacle to their finding a place in
practical applications. After the invention of the NB-LDPC
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codes [4], most of the research has focused on how to reduce
the computational complexity of the check node processing.
To lower the complexity of QSPA, a Fast Fourier transform
based SPA (FFT-SPA) algorithm was proposed in [5] to
reduce the check node computational complexity from order
of 0(¢%) to O(qlogq) for each check node update. Other
low complexity algorithms called extended min-sum (EMS)
[21], [22], trellis based EMS [23], bubble check EMS [24],
and min-max algorithms [25] were proposed but they have
a performance degradation in comparison to QSPA. Thank
you for pointing this out. The Extended Min-Sum (X-EMS)
[26], [27] algorithm is an advanced trellis-based decoding
method designed to improve the decoding efficiency and
error correction performance of LDPC codes. It combines
the benefits of the min-sum algorithm with trellis-based
approaches to achieve a balance between complexity and
performance. Further, the complexity of the computations
of all these algorithms is still too high for hardware
implementation. On the other hand, reliability based message
passing algorithms [28], [29], [30], [31] and the symbol
flipping algorithms [32], [33] are simple and computationally
very fast for NB-LDPC codes but at a cost of reduced
performance.

Reliability based majority logic decoding algorithms offer
low complexity as they send only the most reliable field
message and in this respect are similar to message passing
decoding algorithms. In the iterative majority logic decoding
(MLgD) algorithm for non-binary LDPC codes, each symbol
is iteratively updated by the extrinsic information-sums
(EXIs) with the most reliable field element along each edge
of the Tanner graph.

In the bit reliability [34] and symbol flipping NB-LDPC
decoding algorithms [35], [36], the codeword is initially
transmitted as a binary sequence, and the received binary
sequence serves as reliability information for the decoder.
The reliability-based majority logic decoding algorithm
resembles message passing decoding but transmits only the
most reliable field message, making it a computationally
efficient algorithm. In the iterative majority logic decoding
(MLgD) algorithm for non-binary LDPC codes, each symbol
undergoes iterative updates by the extrinsic information sums
(EXTs) with the most reliable field element along each edge
of the Tanner graph. The iterative reliability-based hard
(IHRB) and soft (ISRB) MLgD algorithms [37] exhibit lower
complexity but perform optimally only for parity check
matrices with high column weights.
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Further improvements to the two algorithms in [37]
are achieved by introducing soft reliability information at
initialization, enhancing the trade-off between complexity
and bit error performance through several modifications [28],
[31]. A drawback of the IHRB and ISRB algorithms in the
literature is their reliance on large column weights. To address
this limitation, [38] presents an enhancement to these
algorithms by introducing reliability updates in terms of bits
rather than symbols. Termed as the weighted bit reliability-
based (WBRB) algorithm [34], this bit reliability-based
approach requires only integer and Galois field operations,
thereby reducing hardware implementation complexity and
processing time. To further enhance wBRB decoding algo-
rithms, [34] proposes a full bit-reliability-based decoding
scheme, utilizing the binary representation of non-zero
entries in the parity check matrix to lower processing
complexity.

Symbol flipping decoding algorithms offer low compu-
tational complexity but often at the expense of reduced
performance. In [39], a majority logic decision-based
algorithm was introduced, determining the symbol position
to be flipped based on majority decision, while the flipped
value is calculated from the channel output by flipping
individual bits of the symbol with low reliability. Another
approach, termed weighted algorithm B (wt. Algo B)
[32], introduces binary Hamming distance and plurality
logic for performance enhancement. The parallel symbol
flipping decoding (PSFD) algorithm in [33] exhibits good
performance only for parity check matrices with large column
weights. To improve the PSFD algorithm, a multiple voting-
based PSFD (MV-PSFD) algorithm was proposed in [40],
and [41]. Furthermore, the symbol-reliability based message-
passing (SRBMP) decoding algorithm’s performance has
been enhanced by the multiple voting symbol flipping
(MV-SF) decoding algorithm [42].

Recent advancements include the symbol flipping algo-
rithms: SFD algorithms based on prediction (SFDP) using
Hamming Distance (D-SFDP) and SFD algorithms based
on prediction (SFDP) using plurality logic (P-SFDP) [43],
which offer superior performance compared to most existing
symbol flipping algorithms. However, a major drawback
is their exhaustive and computationally complex prediction
mechanism. The complexity of these algorithms [43] depends
on the size of the Galois field order g and the length n of
a codeword. Additionally, the decision-symbol reliability-
based SFD (DRB-SFD) algorithm [44] aims to demonstrate
improved performance in applications such as data storage
based on NAND flash memory. However, the study in [44]
focuses solely on the algorithm for NAND flash memory
without comparing bit error rate (BER) performance with
existing algorithms like MV-SF, MV-PSFD, and D-SFDP.

The recent developments in research papers, namely [35]
and [36], focus on advancements in symbol flipping decoding
algorithms for LDPC codes. These papers introduce novel
approaches including low-complexity, high-performance
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reliability, and voting-based symbol flipping decoding
algorithms. The primary objective of these advancements
is to streamline the flipping function’s complexity while
concurrently improving the bit error performance

Non-binary LDPC codes can also be transmitted using
direct mapping to the high order modulation. The advantage
of NB-LDPC codes using high-order g-ary modulations is the
direct encoding and decoding over the g-ary constellation as
the binary to non-binary mapping and de-mapping operations
are not required. Also the non-binary symbol likelihoods
are computed directly without any conversion. The mapping
and de-mapping operations are cost effective in terms of
complexity and introduce performance degradation that
would have to be partially countered by a good choice
of mapping and de-mapping at decoder. The NB-LDPC
sum-product and its variants can be used to map to the
higher order modulation to achieve high data rates. The
binary Min-Sum decoding algorithm [45], [46] extended to
the non-binary decoding, is known as Extended Min-Sum
(EMS) algorithm [22], [23], [47], and it gives better trade-off
between hardware complexity and bit error rate performance.

The complexity of the Extended Min-Sum decoding
largely stems from the computation at the check node (CN)
level. To mitigate this, a Forward-Backward scheme [24],
[25] was proposed, involving serial computation in hardware
with intermediate results. However, this approach introduces
significant latency and reduces throughput, especially with
increased finite field sizes in GF(q). Addressing these chal-
lenges, a hardware-aware algorithm called syndrome-based
EMS algorithm was introduced [48], improving both bit
error rate performance and throughput through enhanced
parallelism.

Additionally, an M-QAM based hard decision NB-LDPC
algorithm was proposed [49], [50], known as the itera-
tive joint detection-decoding (IJDD) algorithm. While this
method employs M-QAM modulation for higher throughput,
its performance is inferior compared to the g-ary LDPC
(QSPA). The algorithm uses hard decision symbol sequences
as feedback in each iteration to the M-QAM detector, aiming
to steer received messages in the correct direction and
mitigate noise effects.

In the recently proposed algorithms [51], [52], if the
predicted symbol value meets the checksum criteria, it is
considered accurate; otherwise, it undergoes adjustment
before being returned to the QAM detector. Algorithm 2,
detailed in these papers, represents an advancement to
the iterative joint detection-decoding algorithm. It achieves
this by employing iterative hard decision-based major-
ity logic to determine the new candidate symbol value.
The feedback signal to the QAM detector is fine-tuned
based on the Euclidean distance between the current
symbol and the newly selected symbol value. As for
Algorithm 3, it offers a simplified version of Algorithm 2,
achieved through the implementation of a majority voting
scheme.
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To enhance convergence speed, a layered decoding
approach is employed for both binary and NB-LDPC codes.
This method utilizes two strategies for layer decoding: row-
layered and column-layered. The primary distinction lies
in the layer type, although they are theoretically equivalent
and offer superior decoding performance. However, due
to data dependencies, the initiation of the next layer is
contingent upon the completion of the current layer. The
column-layered decoding approach, also known as Shuffled
decoding, is described in [53], and [54]. In existing literature,
the Group-Shuffled message passing decoding algorithms,
as outlined in [55], segment either check nodes or variable
nodes of the relevant bipartite graph into smaller sub-groups
termed layers. Moreover, each primary iteration undergoes
subdivision into multiple sub-iterations. These groups may
encompass one or more rows and columns. Some method-
ologies horizontally divide a quasi-cyclic parity check matrix
into groups, ensuring each group contains precisely one
non-zero entry in every column. This method is prevalent for
implementing sum-product LDPC decoder hardware.

In the paper by Ullah et al. [56], [57], two decoding
techniques for symbol flipping non-binary LDPC codes
are introduced, both based on grouping strategies. Initially,
a novel approach is presented, involving the adaptive
grouping of variable nodes in each iteration, utilizing both
bit reliability and majority voting of each received symbol.
Subsequently, a fixed grouping technique is applied to the
symbol flipping decoding of non-binary LDPC codes. In this
fixed grouping method, each group consists of an equal
number of variable nodes, and selected symbols within
each group are flipped according to predetermined flipping
criteria. These algorithms exhibit superior performance
compared to existing methods.

Ill. RESEARCH BACKGROUND AND MOTIVATION

The background of Non-Binary Low-Density Parity-Check
codes encompasses a journey of innovation and adaptation,
stemming from the rich history of LDPC codes and the
need for enhanced error correction capabilities in modern
communication systems.

Message Passing (MP) is effective for large, sparse graphs
and is scalable but can be computationally expensive and may
not converge for certain structures. Majority Logic Decoding
is simple and robust against noise but can degrade with high
error rates. Symbol Flipping is efficient for moderate error
rates but less effective for high error rates and may require
multiple iterations. QPSA reduces computational complexity
but may lose some accuracy due to quantization, while
FFT-QPSA enhances efficiency using FFT but requires more
complex implementation. Min-Sum is simpler and faster
than sum-product, making it suitable for hardware, but can
be less accurate. Min-Max balances between min and max
values but is more complex than Min-Sum. Trellis Based
Min-Sum combines trellis structures with Min-Sum for
efficient decoding but is more complex. Extended-Min-Sum
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improves performance over Min-Sum with more accurate
approximations but increases computational complexity.
IHRB uses reliability for decision making and is effective
in iterative settings but may require many iterations, and
ISRB offers more accuracy with soft decisions but has higher
complexity. Enhanced-IHRB and ISRB improve performance
and accuracy but are more complex. wBRB uses weighted
reliability for accurate decoding but involves complex weight
computation. Full Bit Reliability improves decoding perfor-
mance with comprehensive assessment but is highly complex.
Bit level NB decoding enhances performance for non-binary
codes but is more complex. Alg B (wtd Alg B) uses
weighted values for flexibility but can be complex. Weighted
SFD improves accuracy with weighted symbols but requires
careful tuning. PSFD is faster with parallel implementation
but needs more resources. Enhanced Serial GBFDA with
multiple vote symbol flipping improves performance but
increases complexity. Multiple Vote PSFD combines parallel
processing with multiple voting for reliability but is compu-
tationally complex. SFD-Prediction (D-SFDP and P-SFDP)
incorporates prediction for improved performance but adds
complexity and may need more iterations.

1. Evolution from Binary LDPC Codes: The foundation of
NB-LDPC codes can be traced back to the development of
binary LDPC codes by Robert Gallager in the early 1960s [3].
Binary LDPC codes demonstrated remarkable error correc-
tion performance approaching the Shannon limit, attracting
significant attention from the communication engineering
community. However, as communication systems evolved
and demanded higher performance, the limitations of binary
LDPC codes became apparent, particularly in scenarios with
challenging channel conditions.

2. Need for Non-Binary Representation: Binary LDPC
codes operate over binary finite fields, limiting their capacity
to represent information efficiently. In contrast, non-binary
LDPC codes, including NB-LDPC codes, operate over finite
fields with sizes greater than two. This non-binary representa-
tion offers advantages in terms of error correction capabilities
and flexibility. It allows for more efficient encoding and
decoding processes, enabling better performance in scenarios
with complex noise characteristics [58].

3. Advantages of Non-Binary LDPC Codes: NB-LDPC
codes leverage the inherent benefits of non-binary repre-
sentation to achieve superior error correction performance
compared to their binary counterparts [59]. By operating over
larger finite fields, NB-LDPC codes can represent informa-
tion more compactly and effectively, leading to improved
reliability in communication systems. Moreover, non-binary
LDPC codes exhibit enhanced tolerance to various types of
noise and interference, making them well-suited for a wide
range of applications.

4. Innovative Construction Techniques: The development
of NB-LDPC codes has been accompanied by innovative
construction techniques tailored to exploit the advantages
of non-binary representation [60]. Techniques such as
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progressive edge growth (PEG) algorithms, Quasi-Cyclic
constructions, and algebraic geometric (AG) codes have been
employed to design efficient NB-LDPC codes with desirable
properties. These construction methods enable the creation of
LDPC codes optimized for specific communication scenarios
and channel characteristics.

5. Research and Standardization Efforts: The research
community, supported by organizations like the IEEE, has
been actively involved in advancing the theory and practice
of NB-LDPC codes. Numerous research papers, confer-
ences, and standardization efforts have contributed to the
understanding and dissemination of NB-LDPC technology.
As a result, NB-LDPC codes have found application in
diverse domains, including wireless communication, optical
communication, and storage systems [61].

In the context of 5G and the upcoming 6G technologies,
research in communication systems has been increasingly
focused on addressing the unique challenges and require-
ments posed by these advanced wireless networks. These
challenges include the need for ultra-reliable low-latency
communication (URLLC), massive connectivity for Internet
of Things (IoT) devices, and support for high data rates and
bandwidth efficiency.

In this context, LDPC codes have garnered significant
attention as an essential component for achieving reliable
and efficient communication in 5G and 6G networks.
LDPC codes offer several advantages, including their abil-
ity to achieve near-Shannon capacity performance, their
low-complexity decoding algorithms, and their suitability for
hardware implementation.

IV. ANALYSIS OF RELATIONSHIPS IN NB-LDPC
LITERATURE

The research on NB-LDPC codes encompasses a rich
variety of algorithms and construction techniques. However,
a comprehensive analysis of these approaches reveals critical
interdependencies and trends.

A. ALGORITHMIC ADVANCEMENTS

Early efforts focused on decoding algorithms like the
g-ary Sum-Product Algorithm, which provided high accuracy
at the cost of computational complexity. This led to the
development of more efficient alternatives, such as the
Extended Min-Sum and Symbol Flipping algorithms. These
advancements represent a trade-off between performance and
complexity, catering to specific application requirements.

B. SYNERGY BETWEEN CONSTRUCTION METHODS AND
DECODING
The choice of construction method plays a pivotal role
in determining the efficiency of decoding algorithms. For
instance:
o Finite Field-Based Constructions: Suitable for
burst-error correction and high-noise scenarios.
o Protograph-Based Designs: Offer structured codes
with high girth, enhancing iterative decoding perfor-
mance.
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o Array-Based Constructions: Optimize hardware
implementations due to their regularity and reduced
memory requirements.

C. APPLICATION-SPECIFIC INNOVATIONS

The evolution of NB-LDPC codes has been significantly
driven by their practical applications. In VLC, low-latency
decoding is critical, whereas PLC demands robust perfor-
mance under interference. These requirements have shaped
innovations in both code construction and decoding strate-
gies, highlighting the synergy between theoretical research
and real-world demands.

D. RESEARCH GAPS AND FUTURE DIRECTIONS
Despite considerable progress, several challenges remain:

« Hardware Efficiency: Further efforts are needed to
develop lightweight decoding algorithms for NB-LDPC
codes.

o Cross-Layer Optimization: Integration of NB-LDPC
codes with other advanced technologies, such as RIS
and massive MIMO [62], requires holistic optimization
across layers.

« Scalability to 6G Networks: The unique requirements
of 6G, including extreme reliability and ultra-low
latency, present an opportunity for NB-LDPC codes to
address these demands comprehensively.

This analysis underscores the interconnected nature of
research in NB-LDPC codes and highlights pathways for
advancing their theoretical and practical utility.

V. CONSTRUCTION OF NONBINARY LDPC CODES
Nonbinary Low-Density Parity-Check (LDPC) codes are
an extension of binary LDPC codes, where the code
symbols belong to a Galois field GF(q) with ¢ >
2. The construction of nonbinary LDPC codes plays a
crucial role in achieving improved performance for vari-
ous communication and storage applications. This section
introduces three prominent construction methods: finite field-
based, protograph-based, and array-based nonbinary LDPC
codes.

A. FINITE FIELD-BASED NONBINARY LDPC CODES

Finite field-based constructions [63] rely on the properties
of GF(g) to define the elements of the parity-check matrix
H. Each entry in H is either zero or a nonzero element
from GF(g), allowing for greater flexibility in code design.
These constructions are beneficial for achieving high error
correction performance in the presence of burst errors. The
utilization of finite fields enables the design of codes with
structured properties, which facilitate efficient encoding and
decoding.

B. PROTOGRAPH-BASED NONBINARY LDPC CODES

Protograph-based constructions [64], [65] utilize a small
base graph, known as a protograph, which is replicated and
interconnected to form a larger Tanner graph. The protograph
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structure allows for flexible and scalable code designs while
retaining desirable properties such as high girth and low
encoding complexity. Nonbinary LDPC codes constructed
using protographs have been shown to exhibit excellent
performance in iterative decoding due to their structured
nature.

C. ARRAY-BASED NONBINARY LDPC CODES

Array-based constructions [66], [67] are characterized by
their systematic arrangement of symbols in the parity-check
matrix, often using cyclic or quasi-cyclic structures. These
codes are highly efficient for hardware implementations due
to their regularity and reduced storage requirements. Array-
based nonbinary LDPC codes are particularly advantageous
in applications where low-complexity decoding and high
throughput are critical.

D. COMPARISON OF CONSTRUCTION METHODS

Each of the discussed methods offers unique advantages.
Finite field-based constructions excel in burst error cor-
rection, protograph-based designs provide scalability and
structure, and array-based codes are ideal for hardware-
friendly implementations. The choice of method depends on
the specific application and system requirements.

VI. NB-LDPC DECODING ALGORITHMS

A. PRELIMINARIES

An LDPC code which is fully represented by a Tanner graph,
also aide in the description of decoding algorithm. A tanner
graph has two types of nodes— variable (bit) node (VN)
and check node (CN). Let GF(g) be the Galois field with
g elements. Consider a NB-LDPC code C of length n with
a regular parity check matrix H, defined over the GF(q),
with m as number of rows and n as number of columns
such that each row of H has a constant weight of d. and
each column of H has a constant weight of d,. Each element
hij(1 <i <m,1 <j < n)of H is an element over the
Galois field GF(q) where ¢ = 2". The non-zero entries of
H(h;j # 0) in the Tanner graph show the i check node
connected to the j* variable node. For the column weight d,,
and the row weight d,, the Tanner graph edge connections
are shown as M(Gj) = {i : 1 < i < m, hjj # 0} and
N(i) =1{j: 1 <j =< nhj; # 0} and for regular matrix

n d
Let ¢ = (c1,¢2,...,¢j,...,cy) be a codeword in

C and the binary representation of j” symbol in ¢ is
¢ = (Cj,l,Cj,z, e s Clify ey Cj,r), 1 < ¢t < r. This
binary sequence is modulated with binary phase shift
keying (BPSK), where 1 is modulated as +1 and O is
modulated as -1. The BPSK modulated j* symbol xj =
(Xj,1, %2, .-+, Xjt, - .., Xj,7) is transmitted over additive white
Gaussian noise (AWGN) channel. The received binary
sequence ¥; = (j,1,¥j,2s--->Yjts--+>Yjn) 1S obtained
from the transmitted sequence x; after adding the additive
white Gaussian channel noise n  — N(0, %) with
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zero mean and two sided power spectral density No/2 as
¥ = x;j + n;. The hard decision binary sequence z; =

(Zj,152j,25 - -+ Zjit» - - - » Zj,r) for the j’h received symbol y; is
given by:
1ify =0
Zjt = ’ 1
o [ 0 else M

The hard decision binary sequence zj, is mapped to an
element in GF(q) to obtain the symbol z;. Let s =
(S1,82, ..., 8y ..., 8n) = HzT is the syndrome vector, then
the " syndrome of the j hard decision symbol sequence can
be defined for A;; # 0 :

si= D hijz (@)

JEN()

Here it is important to mention that the value of s; is also an
element in GF(q). If Hz! # 01 —#), which means that some
of the variable nodes connected to check node are in error.
Let GF(q) = (1,2, ...,0, ..., 0a,), then for the j”
received symbol z;, the priori probabilities (yjal, yjaz,

aj

co Ve

respectively such as (yj‘x', yjaz, e yj‘”, e yja”) = 1 holds.

The priori probability for the symbol «; € GF(g) is given
below.

Forl <j<n,1<1<gq,1 <t <r,the probability of the

received binary sequence z;, to be 1 for the channel out put
yj,, 1S:

,yja") are equal to {oy, a2, ..., ..., 04}

1 1

S 3)
1 + exp( y”)

and the probability for the received binary sequence Zj,r t0
be 0 is y T =1- y . Now the probability of )/ ! being the
elemento; € GF (q) for the received symbol z; correspondmg
to the channel output y;, is given by:

= Hy]“;f. “)
t=

This probability of the j”* symbol is then used as priori
information at the initialization of the QSPA. For an LDPC
code defined over GF (g = 2") where each received symbol
oy must be one of the symbols in GF(g), the check node
processing becomes more complicated as there are more
possible values of the g to satisfy the parity check equations.
For each element defined over GF(g) of the parity check
matrix H(h;; # 0), there are g probabilities associated with
it as compared to its binary counterpart which has only two
probabilities for 0 and 1. Therefore, ¢ messages need to be
computed, stored in the memory, and exchanged between the
check and variable nodes during this iterative process.

The major bottleneck of the sum-product NB-LDPC
decoding algorithm is the check node computational com-
plexity and the large memory required to store the g-tuple
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messages. The posteriori probability Vi‘,);'l (message sent to
check node from variable node) is given by:

prl= > Prsi=0lz=a) [] &' ©

2€GF(q) JENGN

The computed values of yfj? for ¢y € GF(q) fori €
M(j),j € N(i) are then used to update the extrinsic
information q?} to be used in the next iteration and is given
as follows:

aiy =" 11 70 ©
eM()\i
where the scaling factor A is chosen such that the sum of all
probabilities equal to 1, i.e. qf‘]‘ + q;sz +...+ q‘lx;’ = 1. The
above mentioned equations serve as the check and variable
node processing rule for message passing decoder.

B. DECODING NB-LDPC CODES WITH SPA
The NB-LDPC sum-product decoding algorithm [4], [68] is
summarized as follows:

Algorithm 1 Sum Product NB-LDPC Algorithm
1: Initialization:
2. Forl<j<nl<m<,1<l<gq:
3: Received  symbol  sequence: y =
OY2, -5 Yjs o5 ¥n)

4: Hard decision symbol sequence: 2 =
(21,22, -1 Zjs - 2n)

5 Priori probabilities: y; = Pr(z; = oyly;)

6 Extrinsic probabilities: ¢;; = y;"

7. Setk = 11to Ly

8: repeat

9 Compute s* = zFHT

10: if s =0 or k = I, then

11: Stop decoding

12: end if

13: Compute )71.‘?;.’ & using equation (5)

14: Compute q?f;.’k using equation (6)

15: Estimate the symbol sequence as z5 = arg max );%,,k

1

16: k=k+1
17: until convergence

Each j symbol of the received sequence ¥; has associated
likelihood in the order of GF(g), as the order of GF(q)
increases the complexity increase in order of O(g?).

Writing the field elements of GF(g) as power of primitive
element o, GF(¢) = (=, a% &', ..., a97%) where « is
the primitive element. When two field elements of GF(g) are
multiplied, it is equivalent to shift the powers of the primitive
elements cyclically and then get the resultant field element.
This cyclic shifts are known as permutation.

C. DECODING NB-LDPC CODES WITH FFT-QSPA
The main complexity of the g-ary sum-product algorithm
(QSPA) lies in the check node processing. The check node
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computation is like convolution which can be implemented
more easily in the frequency domain as term by term
multiplication. In the frequency domain decoding [5], check
node message at the k™ iteration is computed as:

yi’f,:f‘l( I1 f(q{i,a) (7

JENM\

here / and F~! are the Fourier and the inverse Fourier
transform and [] is the term by term multiplication. When
the probability mass function is defined over the GF (g), then
the Fourier transform is the two point, r-dimensional message
vector. Both the Fourier and inverse Fourier transform are 2 x

2 matrices given by:

F= B _11} and f! = % B _11] ®)
The FFT-QSPA decoding algorithm presented by Davey and
Mackay, can be used over the Galois field GF(q) where g
is power of 2. Though it can be generalized to the prime
power of g as presented in [5] but since ¢ is commonly
used as power of 2 for practical applications, therefore,
the generalized FFT-QSPA is of not much consideration.
Equation (8) is known as binary Fourier transform or the
Walsh Hadamard transform. The Fast Fourier Transform
based decoding reduces complexity by O(q log q).

D. LOG-DOMAIN SUM-PRODUCT NB-LDPC ALGORITHM
A simplified version of the QSPA decoding called LogSPA
is presented in [69] which uses additions, subtractions, and
look-up tables only. The LogSPA decoder requires a fairly
accurate knowledge of the signal-to-noise ratio (SNR) at
the input of the decoder but less sensitive to quantization
noise. The computational complexity for this LogSPA scales
as O(¢%). Denoting the GFo(q) = (22,03, ...,0, ..., 0qy)
without the zero element, then the log likelihood ration (LLR)
of nonzero elements « € GF(g) is written as:

L(aj) = {L(aj = a2), L(@j = a3), ...,

L(aj =ap), ..., L(aj = ag)} 9
Pr(oj =

L(o; = ) _ =) (10)

Pr(aj =0)
The priority probability of the j* received symbol is given by:

2
i=2 Z Vit (11)
JEN()

and the posteriori information is updated as follows:
W=vt 2 dy 12
JEN D\

The check node message update for the next iteration is
computed as follows:

g =v+ 2 i (13)
ieM()\i'
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Algorithm 2 NB-LDPC LogSPA Decoding Algorithm

Algorithm 3 Mixed Domain SPA for NB-LDPC Decoding

1: Initialization:
22 Forl<j<nl<m</1<Il<gq

3: Received symbol  sequence: 'y =
OLy2, - YY)

4: Hard decision symbol sequence: 2 =
(z1,22, -1 Zjs o -5 Z0)

5 Priori probabilities: y; = (% ieNG) Vit

6 Extrinsic probabilities: g; j = y;

7: Setk = 11to Ly

8: repeat

9 Compute s* = zFHT

10: if s =0 or k = I,,4c then

11: Stop decoding

12: end if

13: Compute )?jk using equation (14)

14: Update the check node message qfi;fl using

equation (15)
15: Estimate the symbol sequence as z¥ = arg n}lelx )7%1’](

16: k=k+1
17: until convergence

E. MIXED DOMAIN SPA
The equations involved in the Mixed Domain SPA are as
follows:

=vt 2 4y (14)
JENDV
1
gl =nt 2 @y (15)
ieM(\

These equations govern the update of posteriori informa-
tion and check node messages in the Mixed Domain SPA for
NB-LDPC decoding.

1) BENEFITS OF MIXED DOMAIN SPA

1.Efficient Fourier Transform in Probability Domain: Per-
forming the Fourier transform in the probability domain
allows for efficient computation of convolution operations,
which are essential in many signal processing and com-
munication applications. By leveraging the properties of
probability distributions, such as the convolution theorem,
FFT-based algorithms can efficiently compute convolutions,
leading to faster processing times compared to traditional
methods.

2. Log-Domain for Numerical Stability: Logarithmic domain
processing is known for its numerical stability, especially
when dealing with small probabilities or likelihoods. By oper-
ating in the log-domain, the algorithm can handle a wider
range of values without encountering numerical precision
issues that might arise in linear domain calculations. This
is particularly advantageous in iterative algorithms like the
Sum-Product Algorithm (SPA), where small probabilities can
be encountered during message passing.

101232

1: Initialization:
2: foralll <j<ndo

3: Compute the received symbol sequence: y =
(ylsy25 e ’}’n)

4: Compute the hard decision symbol sequence: z =
(1,22, .- -,2n)

5: Compute the priori probabilities: y; =

2
= 2jena it

6: Initialize the extrinsic probabilities: g; j = y;
7: end for
8: Iteration:
9: repeat
10: Compute the symbol sequence s¥ = zXHT
11: if s* = 0 or the maximum number of iterations is
reached then
12: Stop decoding
13: end if
14: for all variable nodes j do
15: Compute )9jk using Equation (14)
16: end for
17: for all check nodes i do
18: Update the check node message qﬁ}'l using
Equation (15)
19: end for
20: Estimate the symbol sequence zX using MAP
estimation based on )7/‘
21: Increment k

22: until convergence

Algorithm 4 Algorithm 2: Trellis-Based Decoding Scheme

Input: yg’ j(a), the v2c hard messages.
Output: Ci”j(a), the computed c2v messages.
for j € N(i) do
b < argmin,cgp(y)Y; /(@)

end for
forj e N(i) do

Compute the c2v hard messages:

2 jeny b ©7)
: end for
9: forj € N(i) do
10: Convert from normal domain to delta domain:
Y@ ®b) <@

11: end for
12: Computing c2v messages:
13: Cl-/’j(a) <« 5(1y;’j(a))
14: Delta domain to normal domain:
15: Cl.”j(a) <« 8(Ci”j(a @ Bj)

AN e

B <«

oo

3. Reduced Complexity: Combining the FFT-based pro-
cessing in the probability domain with log-domain check
node processing can lead to reduced computational com-
plexity. The FFT algorithm has a complexity of O(n log n),
where n is the size of the input data, making it efficient
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for large-scale problems. Meanwhile, log-domain operations
typically involve simple additions and subtractions, which
further contribute to computational efficiency.

4. Improved Performance in Iterative Decoding: In appli-
cations such as error correction decoding in communication
systems, iterative algorithms like the Sum-Product Algorithm
(SPA) are widely used. By employing FFT-LogSPA, which
combines FFT-based processing with log-domain compu-
tations, the decoding performance can be improved. This
improvement arises from both the efficiency gains and the
numerical stability provided by the mixed domain approach,
leading to better convergence properties and potentially
higher error correction capabilities.

5. Flexibility and Adaptability: The mixed domain
approach provides flexibility to adapt the algorithm to
different applications and scenarios. For instance, the choice
of probability distributions in the Fourier transform stage can
be tailored to the specific characteristics of the problem at
hand. Similarly, the use of the log-domain allows for easy
incorporation of additional constraints or modifications to the
algorithm, enhancing its adaptability to diverse requirements.

2) DRAWBACKS OF MIXED DOMAIN

The main drawback is that it needs conversion between
the two domains and also lookup tables. In the paper [70]
a low complexity simplified soft distance (SSD) decoding
algorithm for NB-LDPC codes is presented, which is an
adaption for NB-LDPC codes of a previously reported SSD
algorithm for binary LDPC codes [71], [72], but now operates
in the transform domain, called the Fast Fourier Transform
Simplified Soft Distance (FFT-SSD) decoding algorithm.
This decoding algorithm uses squared Euclidean distance as
the metric, which offers as a great advantage that it does not
require knowledge of the signal-to-noise ratio of the received
signal, and requires only additions, subtractions and look-up
tables. Large lookup tables and conversion between the two
domains are the main drawback of this algorithm.

F. MIN-SUM NB-LDPC DECODING ALGORITHMS

The Min-Sum Nonbinary LDPC decoding algorithm aims
to iteratively improve the reliability of decoded symbols by
exchanging information between variable nodes and check
nodes in the LDPC code graph. It is known for its simplicity
and effectiveness, especially for nonbinary LDPC codes
where symbol alphabets have more than two elements.

G. ITERATIVE RELIABILITY BASED NB-LDPC
ALGORITHMS

The concept of hard reliability to improve the performance
of the bit reliability based (BRB) decoding algorithm was
introduced in [38]. The binary Hamming distance between
hard decision symbol sequence z = (21,22, .-.,%,---,Zn)
and the extrinsic information-sums (EXIs) indicate the hard
reliability of the EXIs. The author in [38] showed that the
Hamming distance d(z;, o; ;) indicates the correct probability
of extrinsic information-sum o;;. If p, is raw bit error
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Algorithm 5 Min-Sum Nonbinary
Algorithm

1: Initialization:

2: Initialize messages g;; from variable nodes to check
nodes using received symbols and reliability weights:
4ij =Yj

Initialize reliability weights for received symbols

: Iteration:

Compute messages from variable nodes to check nodes:
: q;ll)i <« Compute qj(l_)) ;forall jand i

Compute messages from check nodes to variable nodes:
: qSZ <« Compute quj forall i and j

: Decision:

10: Make hard decision on each symbol: z¢¥ = sign(z¥)

LDPC Decoding

probability of variable nodes (VNs) over the Galois field
GF(g = 27), then the symbol error probability of the
individual variable node is 1 — (1 — pp)". The relationship
between the EXI and Hamming distance [38] is written as:

Pr(o;jld(zj, 0ij) = u)

_ P

Pha— (L= pp) " (1 — pp)~dertrtu
for 1 < u < r. To include the reliability derived from the
structure of the Galois field, a vector of extrinsic weighting
coefficients are defined as @ = [0y, 0y, ..., 0k, ..., 0,]. Here
0r shows the extrinsic weighting factor corresponding to
d(z](.k), oifl;)) =k for 0 < k < r. According to equation (16),
de(z(‘k%g.@) > 2 does not carry much useful information
and it has very low probability to be corrected [38].
According to this, the weighting coefficients are distributed
as 6 = [0y, 01, 6>] for the extrinsic information-sum and are
optimized through simulation.

(16)

Algorithm 6 Weighted Bit-Reliability-Based (WBRB) Non-
binary LDPC Decoding Algorithm

1: Initialization:

2: Initialize messages g;; from variable nodes to check
nodes using received symbols and reliability weights:
4ij =Yj

Initialize reliability weights for received symbols
: Iteration:
Compute messages from variable nodes to check nodes:
0 O . .
DL < Compute qisi for all j and i
Compute messages from check nodes to variable nodes:
4 —cC ) foralliand;
A ompute gq;,; torallrandy

: Decision:
10: Estimate the symbol sequence as z¥ = arg max )?io;’ &

7 R

H. SYMBOL FLIPPING DECODING ALGORITHMS
Let d(zj, oi,j) represent the binary Hamming distance
between the extrinsic information o; ; and the hard decision
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symbol zj, with 6d(zj, oi,j) denoting the corresponding
weighting factor. If 7, indicates the occurrence count of an
element « € GF(g) based on the plurality logic of each
element o;; at the j’h variable node, then the decision for
an estimated correct symbol v at the k™ iteration in the
weighted algorithm B (wt.Algo B) is determined as follows:

aa
o = H
J (k)
Z] 9

In this scenario, o corresponds to the largest product of
Nt 12Oy and the predetermined threshold 7 is determined
Zj

if ne6 k), > T
na d(Ol,Zj ) (17)
otherwise.

through simulations. Within the voting scheme [33], [40],
each unsatisfied check node casts one vote towards the
respective variable node. Afterwards, the j’h variable node
accumulates all such votes, labeled as Vj(k), originating from
the failed check nodes during the k" iteration.

) _ (®)
Vil = 2 Vij (18)
ieM(j)

where V(k)i,j = 1 if s®; # 0; otherwise, V(k)i,j =
0. Once the accumulated voting V®)j reaches or exceeds
a predefined threshold Vy,, those variable nodes satisfying
the condition V; > Vy undergo calculation of the flipping
function E®)j using equations (17) and (18). Assuming &
retains the positions of all variable nodes for Vj > Vy,, the
values of 8 at the k™ iteration can be determined as follows:

80 =V, i Vizva (19)

For each 1 < j < p, where p represents the total
number of shortlisted variable nodes, this approach simplifies
computational complexity from considering all n variable
nodes to just a few, namely p. In this scenario, 8(k)j’ €
8% denotes the position of each shortlisted variable node,
and 8% encompasses all such positions. Essentially, 8%
comprises positions of variable nodes containing less reliable
information, which should be substituted with dependable
symbols from z*®)j € T®.

The multiple voting method delineated in [40] introduces
two voting thresholds, ¢ > ¢; > 0, employing the
same voting function as defined in (18). When s%j £ 0,
v®ij = ¢o is assigned to the variable node with the
highest flipping function, while V®jj = ¢1 is assigned to
the variable node with the second highest flipping function.
Conversely, the proposed algorithms opt for a single-level
voting approach in the shortlisting of the least reliable
symbols, resulting in reduced memory consumption and
computational complexity.

Unlike Algorithm B, which solely considers information
prior to flipping, recent algorithms like D-SFDP and
P-SFDP [43] leverage both pre-flip and post-flip information.
These algorithms also take into account hard reliability to
accurately assess the contribution of unsatisfied checksums.
For the received hard decision symbol sequence z =
(zl,22,...,2j,...,2zn), (g — 1) values for each symbol in
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the sequence are predicted through an exhaustive search for
the symbol value that maximizes an objective function. The
flipping function, as derived in [43], predicts symbols for
each position of the received hard decision sequence z(X)j
such that zX)j £ 7®)j and 7®¥)j encompasses all possible
symbol values of the GF(q) except for the symbol value of
z®j € GF(g). Consequently, there are ¢ — 1 potential values
for each position of 2%, represented as:

O = 0 50eGF (@), 10 # 20 (20)

Explain the binary operation relating to the hard decision
symbol z¥)j and its associated channel soft symbol informa-
tion yj as:

r—1
k k
¥ oy =>4 -y @1)
=0

The flipping mechanism within the D-SFDP algorithm
integrates robust reliability to predict the most trustworthy
symbol candidate, which can be formulated as follows:

Ej(k)(‘z‘l/(,k)’ zj(f‘)) = ij(,k) Oy + Z ed(ij(-k)ﬂi(l]{-))
ieM; |
- Z(k) Qyj — Z 0. ® & (22)
] . d(zj ,O’i,j)
ieM;

In the P-SFDP algorithm based on plurality logic, the
extrinsic weighting coefficients are denoted as n =
[mo,n1, ..., M1, ...n4.]1, where n; signifies the weighting
coefficient corresponding to the occurrence count of o €
GF(g) in the extrinsic information-sum oki, jfor0 <1l <dec.
Equation (22) is then modified to incorporate hard reliability,
representing the occurrence count of the element « € GF(q)
for the j symbol, as follows:

VG40 =51 oy +mE) -5 oy - me®)
(23)

Predicting all ¢ — 1 values of %) for each symbol in z =
(zl,22,...,7j,...,zn) makes the algorithm computationally
intensive and demands significant memory resources to store
processed values. Particularly for large values of GF(g) and
lengthy code lengths n, the algorithm [43] struggles with slow
performance in finding candidate symbol values for positions
to be flipped. The flipping function £®)j of the / symbol and
its corresponding flipped value v; ) are computed as follows:

(k) _ (k) (k) (k)
E = max E7(@E.g0) (24)
#Vel
W0 — argmax E»(k)(i(-k), z(k)) (25)
J A A B
Zj eI‘j

The computation of the flipping function E;k) is highly
intricate, and it also demands significant memory resources
to store all the ¢ — 1 predicted values for n symbols.

Shortlisting Candidate Symbols Through Voting: Assume
that § preserves the positions of all variable nodes where
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Vj > Vy. Consequently, the values of 8 at the k”* iteration
can be established as follows:

8O =vWj it V= vy, (26)

for each 1 < j < p, with p denoting the total number of
short-listed variable nodes, this approach notably diminishes
computational complexity from considering all n variable
nodes to just a few, namely p.

In this context, )/’ signifies the position of each
short-listed variable node, while 8§® encompasses all these
positions. Essentially, 8 includes the positions of variable
nodes with less reliable information that necessitate replace-
ment with dependable symbols from z**)j’ e I‘;f(k).
I. VOTING-BASED SYMBOL VALUE PREDICTION
ALGORITHM
In this proposed algorithm, the least reliable variable nodes
are short-listed by majority voting, and the candidate
symbol value is selected using a prediction method. The
prediction-based symbol flipping algorithms (D-SFDP and
P-SFDP) offer better performance than most symbol flipping
algorithms in the literature, but they come with exhaustive
and computationally complex prediction mechanisms. Addi-
tionally, they require high memory to store the matrix of
predicted values for all symbols in the codeword.

To address these issues, a voting-based approach is
used in the proposed algorithm to reduce decoding latency
and computational power by short-listing symbols with
low reliability. The flipping function E®jz®)j z®)) in
Equation (30) is calculated g— 1 times for the j* variable node
of the codeword n, considering the information before and
after flipping to predict the most reliable symbol during each
iteration. After calculating E Kz 0, 20y for all variable
nodes, a matrix of size n(g — 1) is formed and must be stored
for further processing.

The complexity of the flipping function E®)jz®)j, z;k))
can be reduced from n to p by first short-listing candidate
symbols through voting, as given in Equations (35) and (36).
This method also reduces memory requirements from n(g —
1) to p(q¢ — 1). The newly improved algorithm [35], [36],
termed as Voting-Based Symbol Flipping Decoding (V-SFD)
algorithm, calculates the flipping function and corresponding
flipped value forj €.

The bit error rate performance and complexity are further
improved and simplified by using the voting scheme to flip
multiple symbols in each iteration. Once these positions are
selected, the bit with less reliability in each symbol is chosen
to be flipped based on the channel reliability information This
algorithm is termed as voting based multiple symbol flipping
decoding (VB-MSFD). The least reliable symbol positions
are short-listed by (18) and (26).

J. GROUP-BASED DECODING

This section discuss the novel approach [56] to dynamically
reorganize variable nodes in each iteration using bit reliability
and majority voting of individual received symbols, tailored
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Algorithm 7 Voting Based SFD Algorithm (V-SFD)

1: Initialization: For the received symbol
yi = {.1,¥.2, - .-, ¥j,r}, compute the hard decision
symbolzjforl <t <r,1 <j<n.

2: for k = 1to ;4 do

3: Syndrome Check-Sum: if sgk) =0orif k = Ly,

stop decoding and output z*) as codeword.

4: Determine the unreliable symbol 8j(,k ) using the
voting scheme.

5: Calculate £ j(/k) (z](/k ),zj(.,k) ,) for § symbols and then
calculate EX.

6: Find its flipped value v](,k ) and update z&+D with v](,k ),

7: end for

Algorithm 8 Voting Based Multiple Symbol Flipping
Decoding (VB-MSFD)

1: Initialization: For the received symbol
yi = {¥,1,¥.2, - .-, jr} compute the hard decision
symbolz;forl1 <t <r,1 <j<n.

2: for k = 1to I, do

3: Syndrome Check-Sum: if sgk) = 0orif k = Ly,

stop decoding and output z¥) as codeword.

4: Determine the unreliable symbol 8j(,k ) using the
voting scheme by equations (18) and (26).
5: Find the flipped values for each candidate symbol.

a

Update z&+D  with #% and the channel soft

information y**1 with yj(,k ) respectively.
7: end for

for the symbol flipping decoding of NB-LDPC codes.
The variable nodes with the lowest reliability are first
grouped together, followed by those with the second level
of reliability, and so forth, culminating in the last group,
which is comparatively more reliable. This grouping process
is executed by employing the cumulative density function
(CDF) of the received sequence, which may be corrupted by
Gaussian random noise. Within this algorithm, the number
of variable nodes in each group is determined based on the
reliability value assigned to each variable node.

Moreover, the symbol flipping decoding algorithm
employs a fixed grouping scheme, where variable nodes are
evenly distributed among a predetermined number of groups.
During sub-iterations, a group is selected for decoding if it
contains a variable node linked to a failed check.

Adaptive Group Shuffling: Given the parity check matrix
H defined over GF(q), the received sequence is partitioned
into groups, with each group containing variable nodes based
on the bit reliability of each symbol.

Variable nodes are grouped according to the reliability
of both the channel’s received soft and hard decision
information. A symbol is deemed less reliable if it possesses
a minimum reliability value and vice versa. The following
equation is utilized to calculate the reliability of individual
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symbols.
(k) (k) () (k) k)
RO 1) = § @z — 1yt 27)

RY

here calculates the reliability information of a j* symbol

at k’h iteration for the hard decision symbol sequence z( )

and the channel soft information y( ) A symbol is cons1dered

to be less reliable if the numerical value of R(k)(z(k), y(k)) is
minimum. As the received bit sequence is Gau551an random
therefore, the individual bit reliability is combined as a
symbol reliability using equation (4).

Here it is important to mention that each group can have
different number of variable nodes. The group containing the
variable nodes with maximum votes is considered to be the
most unreliable. After decoding of the first group, the next
group is decoded under the defined criterion. Definition: Use
inverse of Fg; for grouping and let & be the total number of
groups, then the number of variable nodes are allocated to the
group t if and only if the following condition holds:

T—1

Fr,(1 = 2) < By < Fi

) (28)

In this section, majority voting scheme presented in [35], and
[36] is explained where each unsatisfied check node gives one
vote to the relevant variable node. The j* variable node then
collects all the votes, say V(k), from the failed check nodes at
k™ iteration.

V(k) Z V(k) (29)

ieM(j)

where Vl( ) = 1if s(k) # 0, otherwise Vl( ]) = 0. Those
variable nodes fulfllhng the condition V; > Vy will be
passed to calculate the flipping function. This reduces the
computational complexity from n number of variable nodes
to just few variable nodes, say 8. Here 8 stores all the
position of those variable nodes having votes greater than
the predefined threshold Vy; and 5% is the positions of the
j™variable node. In other words, 8X) stores the positions of all
the variable nodes having less reliable information and must
be replaced with reliable symbols from GF(g).

Average voting of each group before flipping are stored
until the group processing is terminated for next iteration.
However, average voting of each group is re-computed only
after symbol flipping in that particular group. Average voting
of a group remains the same if no symbol is flipped in a group.
At each decoding iteration, three types of voting values are
computed as follow:

V. : Average votes of each group. This voting is fixed after
grouping the VN till next iteration.

Ve Average votes for group G after decoding.

V.: Average votes for group G, after decoding of group
T—1.

Let 8% be the number of variable nodes in a group ,
then the voting based reliability of each group t at k™
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iteration is determined by the following method:

(k)
v —

T W (30)

where Vr(k) is the sum of votes for a group .

Let T be a group to be decoded, then a next group G4
is selected for decoding based on voting using the following
criterion:

C_ | G 0 (Ve = Vel (Ve > ) a1
Terminate sub-iteration, otherwise.

Algorithm 9 Algorithm 1: Adaptive Group Shuffling
I: fort =1toado
2: Compute average voting V, for each group using
Equation (30).
Decode group 7.
Compute votes V, after flipping.
if the condition in Equation (29) is false then
Terminate sub-iterations.
end if
Set t = 7 + 1. If T = «, terminate sub-iteration.
end for

R A

K. QAM BASED SYMBOL FLIPPING DECODING
The codeword ¢ € GF(g) undergoes mapping to the constel-
lation x of quadrature amplitude modulation (QAM) prior
to transmission. If we define €2(-) as the symbol mapping
function for the QAM constellation, then the codeword ¢ is
mapped as xj = Q(c¢j) € X generating a complex signal
vector x = (x1,x2,. .,xn), which is transmitted
over an additive whlte Gauss1an noise (AWGN) channel.
The received symbol sequencey = (y1,y2,...,¥j,...,yn)
is derived from the transmitted sequence x by introducing
the complex additive white Gaussian channel noise n —
CN(0, (72), characterized by zero mean and a two-sided
power spectral density of Ny/2, such thaty; = x; + n;.

At the receiver, each symbol % is estimated by the detector
using the maximum likelihood decision rule.

% = argmin [ly; — x| (32)
xey

for j = 1,2,...,n. The aforementioned equation (32)
becomes exceedingly complex for high-order QAM. To mit-
igate this complexity, a sphere’s radius D is defined, and the
received symbol is estimated for those symbols within the
region of D.

Xj = argminx € x|y, —x| <D (33)

In this paper [73], a QAM constellation size x equal to the
Galois field size ¢ is adopted. For the given code rate r, =
k/n, where k is the information length, the spectral efficiency
for this coded scheme is ¢ = r.log, | x| bits per symbol.

At the onset of the non-binary sum-product and min-sum
decoding algorithms, the LLR value for each symbol within
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the received sequences [74] is calculated, assuming uniform
probability distribution across all symbols.

Pr(y|x)
Pr(ylx))

where X is the symbol value which maximizes the probability
function Pr(y|x), i.e.

LLR(c) =1In ( (34)

x = argmax{Pr(y|x)}. (35)
xeGF(q)
If the value of LLR(c) = O or close to 0, it means more

reliability and vice versa. The Euclidean distance based
likelihood method is used to calculate the approximate
position of the received symbol using LLR which is given as:

LLR(et) = %(d(y, a)? —d(y, &%) (36)

here, &2 represents the closest QAM point to the received
symbol y, and « denotes the primitive element of GF(q)
within the QAM constellation.

In the novel decoding algorithm [51], [52], an improved
iterative hard reliability-based majority logic decoding
algorithm is proposed, as described in [53], and [55]. This
algorithm not only exhibits minimal complexity during
initialization but also facilitates the iterative computation of
symbol reliabilities R; ;.

Algorithm 10 Enhanced Iterative Joint Detection-Decoding
(E-1JDD)
1: Initialization: For 1 <j<n,1 <l <gand1 <i<m.
2: Signal Detection:

3: Obtain hard decision symbols z; from received
symbols y;

4: Calculate ﬁ;’kl), J?](kz) and Adj(k).

5: Decoder:

6: Ifzj =o; € GF(q), thenR;; = y else R;; = 0.

7: Repeat

8: Iteration k = 1 to I,,,4.

9: Syndrome Check-Sum: If sgk) = 2eNG) h,-jz](k) =

0 or if k = Iy, stop decoding and output z*) as

codeword.
10: Calculate extrinsic information-sums afk ),
11: Calculate symbol reliability RJ(.kl) and update R(.kIH).
12: Select the new candidate symbol value AR
13: Adjust the symbol and feedback to detector.
14: k = k 4 1 for the next iteration.

15: Until convergence.

VII. GLIMPSES OF BER PERFORMANCES CURVES

To provide glimpses of Bit Error Rate (BER) performances
for Non-Binary Low-Density Parity-Check codes, the per-
formances curves are for various decoding algorithms are
shown, which illustrating how BER varies with different
parameters or under various conditions.
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The section discusses the BER performance evaluation
of various algorithms, as depicted in figures 1, 2 and 3.
It indicates that the QSPA algorithm stands out as optimal,
with some sub-optimal algorithms demonstrating perfor-
mance close to it. Message passing algorithms are noted for
their superior performance overall, while the reliability-based
wBRB algorithm shows competitive performance. However,
symbol flipping algorithms still exhibit BER performance
that is unsuitable for practical applications, suggesting they
have yet to reach a level of effectiveness comparable to other
algorithms.

In this paper, the signal-to-noise ratio (SNR) is defined as
E} /Ny for BPSK, while for higher-order modulation schemes
such as QAM, we use E;/Ny to account for symbol energy
considerations.

The figure 1 displays the Bit Error Rate (BER) versus
Ep/No performance curves for several decoding algorithms
applied to the NB-LDPC code (204, 102) over GF(16). Each
curve illustrates how the BER decreases as Ep /Ny increases,
with lower points on the BER axis at a given Ej, /Ny indicating
better performance. The D-SFDP algorithm (blue line with
diamonds) performs moderately well, achieving a BER of
107° at around 6.5 dB Ej,/Ny. The MV-PSFD algorithm (red
line with down-pointing triangles) shows good performance,
achieving a BER of 107° at around 5.8 dB Ep/Ny. The
PSFD algorithm (orange line with circles) has the poorest
performance among the seven, with a BER of 107* at
around 6.5 dB E,/Nyp, and it does not reach a BER of
10~® within the range shown. The V-SFD algorithm (blue
line with upward-pointing triangles) performs reasonably
well, achieving a BER of 10~° at around 6.5 dB Ep/No.
The VB-MSFD algorithm (brown line) shows excellent
performance, achieving a BER of 107° at around 4.8 dB
Ey/Np, making it one of the best among the seven. The
MYV-SF algorithm (black line with asterisks) performs well,
achieving a BER of 107° at around 5 dB E}, /No. The wBRB
algorithm (magenta line with left-pointing triangles) has
the best performance, reaching a BER of 107 at around
4.8 dB Ep/Np. In summary, the VB-MSFD (green line)
and wBRB (magenta line) algorithms demonstrate the best
performance, achieving low BERs at lower Ej /Ny values.
MV-SF (black line) and MV-PSFD (red line) also show
good performance, while PSFD (orange line) has the worst
performance, requiring the highest E;, /Ny to achieve similar
BER values. The remaining algorithms, D-SFDP (blue line)
and V-SFD (blue line with upward-pointing triangles), show
moderate performance.

In the figure 2, QSPA (black line) has the best performance
among the four algorithms, achieving a BER of 1076 at
around 4.5 dB Ej/Ny. EMSj¢ (violet line) performs slightly
worse than QSPA but better than the other two algorithms,
reaching a BER of 107° at just under 5 dB E;/Ny. wBRB-s
(red line) shows a steeper decline in BER but requires a higher
E},/Np (around 5.2 dB) to achieve a BER of 107%. MV-SF,
(yellow line) also performs well but not as good as QSPA
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FIGURE 1. BER Curves of the (204, 102) NB-LDPC codes over GF(16).
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FIGURE 2. BERs of the (837, 726) NB-LDPC code over GF(32).

and EMS ¢, achieving a BER of 10 at about 5 dB Ey/No,
similar to wBRB-s.

The figure 3 shows the BER versus Es/Ny performance
curves for three different decoding algorithms applied to
the NB-LDPC code (45, 2, 3) over GF(8). Each curve
demonstrates how BER decreases as E;/Ny increases, with
lower points on the BER axis indicating better performance.
The E-IJDD algorithm (violet line) has the best performance,
achieving a BER of 107° at around 5 dB E,/Nj, indicating
high effectiveness at lower SNR levels. The Improved IJDD
algorithm (blue line) performs slightly worse than E-IJDD but
significantly better than the IJDD algorithm, reaching a BER
of 107 at around 9 dB Es/No. The IJDD algorithm (dark
brown line) shows the steepest decline in BER but requires a
much higher E;/Ny to achieve low BER values, achieving a
BER of 107% at approximately 15 dB E,/Ny. Thus, E-IJDD
is the most efficient algorithm for error correction, followed
by Improved IJDD, while IJDD is the least efficient under the
same conditions.

In this work, figures 1 and 2 have been grouped to
present a performance comparison for NB-LDPC codes over
GF(32) and GF(16), enabling a direct visual comparison
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FIGURE 3. BER Performance of NB-LDPC Code (45,2,3) over GF(8).

of their relative performance. Figure 3 provides results
for GF(8), illustrating the impact of a smaller field size
on decoding performance. The grouping of algorithms
within each figure has been carefully arranged to facilitate
performance comparisons while maintaining computational
efficiency during simulations.

A. THEORETICAL PERFORMANCE BOUND:
POLYANSKIY-POOR-VERDU CONVERSE BOUND
To provide a theoretical reference for the performance of
the proposed NB-LDPC decoding algorithms, we compare
the simulation results with the Polyanskiy-Poor-Verdu (PPV)
converse bound for finite block-length coding [75]. This
bound establishes the fundamental limit on the achievable
rate for a given block length, code rate, and error probability.
For the (837, 726) NB-LDPC code over GF(32), we com-
pute the PPV bound using the following expression:

V logn
R<C—,/=0 (e)+ — 37
n n

where C is the channel capacity, V is the channel dispersion,
n is the block length, and € is the target error probability.

For the given parameters: n = 837, R = 0.867, and
€ = 107, the computed PPV bound is approximately:

R <0.776 (38)

This indicates that, despite the high code rate, the algorithm
operates near the theoretical limit.

VIIl. COMPLEXITY ANALYSIS

In this section, the computation complexity of the pro-
posed algorithms is analysed in detail and compared to
that of the Improved IJDD algorithm. Consider an LDPC
code (N,d,,d.) over GF(q) and let § represents the
nonzero elements in the parity check matrix H where
y = nd, = md.. At the ML QAM detector, g symbols
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TABLE 2. Computational complexity of different non-binary LDPC decoding algorithms per iteation.

Algorithms Number of operations

GM GA IA/RA RC/IC IM/RM
E-1IDD 3ndy 3ndy 2n(q + 1) 2n(q—1) nq
1JDD 3ndy 3ndy 2ndy, +n+2n(q+ 1) 2n(q — 1) 3nqg + 4n
EMS 2ndynm Inm(ndy —2m) | nm(20nd, — 18m — 12n) nmloganm (Ind, — 12m — 4n)
1JDD 2ndy 2ndy, — m ndy, +n +4n n(2q — 3) 4n
wt-Algo.B 2ndy, 3ndy, —m ndy ndy ndy
ISRB 2ndy 2nd, — m ndy, + n2” 2n2" — 2n n2”
V-SFD dy(2dc — 1) pdy(dy + 1) + p(dg + 2dy7r + 4r + 2dy) nr+p(dy — 1) +2(p—1)

2dy(de — 1)

M-QAM FFT- | (2q + 1)nd, 5ndyq 6m + 2gndylogaq Tm + gndy (dy + de — 2) n(g—1)
QSPA

IM/IC/IA: Integer Multiplication/Comparision/Adittion; p is the total number of variable nodes stored in 6.
RA/RM/RC: Real Addition/Multiplication/Comparision; GA/GM: Galois Field Addtion/Multiplication;
Notations used: v = nd, = md. , L = v¢ such that £ < de, nm < q.

of the QAM constellation are tested for each of the n
received symbol sequence which results in ng real addition
and multiplication. These operation are reduced to (7)g for
the proposed quadrant based detection in this paper. The
proposed Algorithms 1 and 3 require z; only as opposite to
IIJDD algorithm which require the pair of {(zj 1, zj2), Adj}
information. This results in further complexity reduction by
2nq + n real additions.

At the NB-LDPC decoder initialization, md, Galois
field multiplication and m(d, — 1) additions are required
to compute the m check-sum and gn real comparisons
are required to initialize the reliability information in
case of Algorithm 2 and 3 only. For Algorithm 2, the
update of the extrinsic information-sum o;; needs pair of
(zj,1,2j,2), therefore, 2md, Galois field multiplications and
2m(d. — 1) Galois field additions are required. On the other
hand Algorithms 1 and 3 require md, multiplications and
m(d, — 1) additions which means two times less computa-
tional complexity than IIJDD algorithm and Algorithm 2.

In the IIJDD algorithm, a pair of message (v;, An;) is
sent as feedback to the QAM detector while in th::_ Rroposed

algorithms, only the updated soft information y(.k is used

for the feedback. To compute the feedback y](.k+1), n real

addition and multiplications are required for the proposed
Algorithm 2 while for Algorithm 1, only p real addition
and multiplications are required. To calculate the symbol
flipping function in the Algorithm 1, pd, real addition and
p real multiplications are required. To compute the candidate
symbol value for the position in error, d,, times the check-sum
s; is calculated. Therefore, to predict a single symbol value
from the quadrant QAM constellation, é—ﬁqdv(dc — 1) Galois
field addition and }tqdv(dc) multiplications are required for
the symbols.

Table 2 shows the computational complexity of the
proposed decoding algorithms in comparisons with other
algorithms from the literature.

IX. SOME APPLICATION OF NB-LDPC

A. POWER LINE COMMUNICATION

Power Line Communication technology utilizes existing
electrical power lines for data transmission. This model
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FIGURE 4. BER Curves of PLC using NB-LDPC Codes.

integrates non-binary Low-Density Parity-Check decoding to
enhance error correction capabilities, improving reliability
and efficiency in 6G mobile network applications. In the
transmitter, input data bits are generated or sourced from a
higher-layer application and grouped into symbols suitable
for non-binary LDPC encoding. The data symbols are then
encoded using a non-binary LDPC encoder, generating
parity-check bits according to a pre-defined non-binary
LDPC parity-check matrix. The encoded symbols are mod-
ulated using an appropriate scheme, such as Quadrature
Amplitude Modulation or Phase Shift Keying (PSK), and
then transformed into the time domain. A cyclic prefix
(CP) is appended to each symbol to mitigate inter-symbol
interference (ISI), and the symbols are transmitted over power
lines, encountering various channel impairments like noise,
attenuation, and multipath effects.

Power Line Communication channels exhibit unique
characteristics due to the use of electrical power lines for
data transmission. The channel model [76], [77] for PLC
needs to account for various impairments and effects that
are typically encountered in power line environments. These
impairments include additive noise, multipath propagation,
frequency selectivity, and time-varying conditions.
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The received signal y(¢) in a PLC channel can be modeled
as:

y(t) = h(t) * x(1) + n(1), (39)

where x(¢) is the transmitted signal, h(z) is the channel
impulse response, * denotes convolution, and n(¢) represents
the noise component.

The channel impulse response A(t) captures the effects of
multipath propagation and can be represented as a sum of
delayed and attenuated impulses:

L
h(t) =" it — 7)), (40)
i=1

where o; is the attenuation factor for the i-th path, 7; is
the delay for the i-th path, L is the number of multipath
components, and §(¢) is the Dirac delta function.

The frequency response H(f) of the channel can be
obtained by taking the Fourier transform of the impulse
response h(t):

L
H(f) = Flh(t)} = Zaie_jznf T, 41)
i=1

The noise n(t) in PLC channels is typically modeled as a
combination of different noise types:

1. Additive White Gaussian Noise (AWGN): This is a basic
noise model that accounts for thermal noise and is modeled
as a Gaussian process with zero mean and variance o,

2. Impulse Noise: Impulse noise is characterized by short-
duration, high-amplitude spikes and can be modeled using
a Poisson distribution for the occurrence of impulses and a
Gaussian distribution for their amplitude.

3. Colored Background Noise: This type of noise is
non-white and has a frequency-dependent power spectral
density. It can be modeled as filtered white noise.

Combining these noise components, the total noise n(t) can
be represented as:

n(t) = nawenN(t) + nimpulse(t) + neolored (7)- (42)

The complete PLC channel model incorporating the
multipath effects and various noise components can be
expressed as:

L
NOE (Z a;d(r — m) % x(1)

i=1
+ nawen(t) + nimpulse(t) + Neolored(?). (43)

This model provides a comprehensive representation of the
PLC channel, capturing the key impairments that affect data
transmission over power lines.

To improve the BER of power line communication, par-
ticularly in combating noise associated with PLC channels,
we suggest a NB-LDPC decoding algorithm (Algorithm 10)
called enhancement iterative joint detection-decoding
(E-JIDD) algorithm. This enhanced algorithm utilizes
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iterative hard decision-based majority logic to select new
candidate symbol values.

The algorithm functions by adjusting the feedback value
to the QAM detector, calculating the Euclidean distance
between the current symbol and the newly selected symbol
value. This approach effectively reduces the impact of
impulse noise, which is prevalent in PLC environments. The
probability density function (PDF) of AWGN is given by:

PRY)
(x u)) (44)

1
PAWGN (X) = exp (— 752
V270 kwen OAWGN

The PDF of impulsive noise is given by:

1 _ 2
exp (— W)y ZLI) ) 45)
2o 12 207

In a PLC system, the total noise can be modeled as a
combination of both AWGN and impulsive noise. The
combined noise model can be expressed as a mixture of these
two Gaussian processes.

Plmpulsive (x) =

PNoise(X) = apawen (x) + (1 — a)p]mpulsive(x) (46)

The figure 4 illustrates a PLC system using QAM
modulation where blanking is employed to suppress impulse
noise, and the performance is compared to a PLC system
using NB-LDPC decoding algorithm without blanking.
The graph demonstrates a significant improvement in a
BER performance when the E-IJDD decoding algorithm
(Algorithm 10) is applied, utilizing a (105, 2, 5) code
over Galois Field GF(16). This enhancement underscores
the effectiveness of the E-IJDD algorithm in mitigating
the effects of impulse noise and improving overall system
reliability.

B. VISIBLE LIGHT COMMUNICATION
Visible Light Communication utilizes the visible light
spectrum for wireless communication, typically using LEDs
for transmission and photodiodes for reception. The channel
model for VLC needs to account for various impairments and
effects that are typically encountered in indoor and outdoor
environments, such as line-of-sight (LOS) propagation,
reflections, and ambient light noise.

The received signal y(¢) in a VLC channel [78], [79] can
be modeled as:

y(t) = h(t) * x(1) + n(?), (47)

where x(¢) is the transmitted signal, A(f) is the channel
impulse response, * denotes convolution, and n(¢) represents
the noise component.

The channel impulse response A(t) for VLC can be repre-
sented as a sum of the line-of-sight (LOS) component and the
non-line-of-sight (NLOS) components due to reflections:

h(t) = hLos(t) + hnLos(?), (48)
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FIGURE 5. BER Performance of NB-LDPC in VLC.

where hpos(f) represents the direct path between the
transmitter and the receiver, and hnpos(f) represents the
multipath components due to reflections.

The LOS component /1 og(#) can be modeled as:

hLos(t) = HrLosd(t — tL0s), (49)

where H] og is the channel gain for the LOS path, and 1 0g
is the delay for the LOS path.
The NLOS component /Ny os(f) can be modeled as:

L
hnLos(t) = D HNLos.i8(t — TNLOS. ), (50)

i=1

where Hnpos,; is the channel gain for the i-th reflected path,
TNLOS,; 1S the delay for the i-th reflected path, and L is the
number of significant reflections.

The frequency response H(f) of the channel can be
obtained by taking the Fourier transform of the impulse
response h(t):

H(f) = F{h(t)} = Hyose /7708
L
+ D HLos,je /™o, (51)
i=1

The noise n(¢) in VLC channels typically includes shot
noise, thermal noise, and ambient light noise:

1. Shot Noise: This noise is caused by the random nature
of photon arrival at the photodiode and can be modeled as a
Gaussian process with zero mean and variance oszhot.

2. Thermal Noise: This noise is generated by the thermal
agitation of charge carriers in the photodiode and can also be

modeled as a Gaussian process with zero mean and variance
02
thermal”

3. Ambient Light Noise: This noise is due to ambient
light sources such as sunlight and artificial lights, and can be
modeled as a Gaussian process with zero mean and variance

O, bient- COMbining these noise components, the total noise
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n(t) can be represented as:

n(t) = Nshot(?) + Nthermal (£) + Mambient (). (52)

The complete VLC channel model incorporating the LOS,
NLOS components, and various noise components can be
expressed as:

¥(t) = (HLosdé(t — tL0s)

L
+ > Hnios,id(t — TNLOS,i)) s x(1)
i=1

+ Nshot(?) + Nthermal () + Mambient (). (53)

This model provides a comprehensive representation of the
VLC channel, capturing the key impairments that affect data
transmission over visible light.

In the context of VLC, shot noise arises due to the
quantized nature of light and is typically characterized by the
following parameters:

- Mean current (1): This is the average current produced
by the photodetector due to the received optical power.

- Variance of shot noise (¢-2): This is proportional to the
average current.

The shot noise can be expressed in terms of a Gaussian
distribution with a mean (u) and variance (o2). The
probability density function (PDF) of the shot noise current /
ina VLC system can be approximated by a Gaussian (normal)

distribution as follows:
(i — w)?
_ 54
exp ( 2 (54)

N
"O= e

where:

o 11is the shot noise current.
o W is the mean current.
« o2 is the variance of the shot noise.

1. Mean Current (11):

w=gq-n-P (55)

where:

o g is the elementary charge (1.602 x 10~!° coulombs).
« 1 is the photodetector responsivity (A/W).
o P, is the received optical power (W).

2. Variance (02):
O’2=2q-/,L-B (56)

where:
e B is the bandwidth of the receiver (Hz).

Putting it all together, the PDF of the shot noise current in
a VLC system is:

i 2
_(i—qnky) ) 57)

o= 4qnP,B

—————exp
4w gnP,B
This PDF describes the statistical behavior of shot noise
in a VLC system, assuming that it can be approximated by a
Gaussian distribution.
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« Optical Power: The received optical power P, can be
calculated using the Lambertian model for the LED and
the responsivity of the photodiode.

o Lambertian Emission: The LED emission pattern can
be approximated by a Lambertian radiation pattern,
characterized by the Lambertian order m.

e Channel DC Gain Hj,5: The direct current (DC)
channel gain for LoS VLC can be expressed as:

o)
Wroy

(58)

A
=5 cos™(¢) cos(¥) rect (

where:

— mis the Lambertian order.

A, is the physical area of the receiver.

d is the distance between the transmitter and
receiver.

— ¢ is the angle of emission with respect to the
transmitter’s normal.

Y is the angle of incidence with respect to the
receiver’s normal.

— Wgoy is the field of view of the receiver.

The figure 5 demonstrates that using a Quasi-Cyclic
Non-Binary Low-Density Parity-Check code with parameters
(120, 4, 8) over GF(16) significantly improves the BER
performance in a VLC system. A fixed layer B-MSFD
algorithm [56] is used to show the BER performance.
The system parameters include a Lambertian order m =
0.5, a receiver area of 1 x 1078m?2, a distance of
5 meters between the transmitter and receiver, an emis-
sion angle of 70°, an incidence angle of 60°, and a
receiver field of view (FOV) of 120°. These condi-
tions highlight the QC NB-LDPC code’s effectiveness in
enhancing BER performance, especially in challenging
VLC environments where factors such as distance, angular
misalignment, and limited receiver area play significant
roles.

X. FUTURE RESEARCH DIRECTIONS

Algorithm Optimization: Continued research efforts are
needed to optimize non-binary LDPC decoding algo-
rithms for improved efficiency and reduced complexity.
Exploring novel optimization techniques, such as parallel
processing, hardware acceleration, and algorithmic prun-
ing, can lead to significant advancements in decoding
performance.

A. ERROR FLOOR MITIGATION

Addressing the phenomenon of error floors remains a key
challenge in non-binary LDPC decoding. Future research
should focus on developing error floor mitigation techniques,
such as modifying code construction methods, enhancing
message passing algorithms, and incorporating soft decision
feedback.
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B. ADAPTIVE DECODING STRATEGIES

Investigating adaptive decoding strategies that dynamically
adjust algorithm parameters based on channel conditions and
code characteristics can enhance the robustness of non-binary
LDPC decoding. Adaptive algorithms can improve error
correction performance across varying signal-to-noise ratios
and channel impairments.

C. INTEGRATION WITH EMERGING TECHNOLOGIES

With the proliferation of emerging communication technolo-
gies such as 5G, Internet of Things (IoT), and quantum
communication, there is a need to adapt non-binary LDPC
decoding algorithms to suit the requirements of these sys-
tems. Research efforts should focus on integrating non-binary
LDPC codes with emerging modulation schemes, channel
models, and communication protocols.

D. MACHINE LEARNING ASSISTED DECODING

Leveraging machine learning techniques for LDPC decoding
holds promise for achieving near-optimal performance.
Future research directions may explore the integration of
deep learning models, reinforcement learning algorithms,
and neural network architectures to enhance the decoding
efficiency and adaptability of non-binary LDPC codes.

E. CROSS-LAYER OPTIMIZATION

Collaborative efforts between communication theory, cod-
ing theory, and signal processing can lead to cross-layer
optimization techniques that exploit the synergies between
different system components. Future research should explore
holistic approaches that jointly optimize channel coding,
modulation, and decoding strategies for enhanced system
performance.

F. STANDARDIZATION AND INDUSTRIAL ADOPTION
Encouraging the standardization and adoption of non-binary
LDPC codes in industry standards and communication
protocols is essential for their widespread deployment.
Collaborative initiatives involving academia, industry, and
standardization bodies can facilitate the integration of
non-binary LDPC coding solutions into commercial commu-
nication systems.

By pursuing these future directions, researchers can
unlock the full potential of non-binary LDPC decoding
algorithms and pave the way for their seamless integration
into next-generation communication systems.

XI. CONCLUSION

This review has provided a comprehensive overview of
non-binary LDPC decoding algorithms, highlighting their
significance in modern communication systems. Non-binary
LDPC codes offer superior error correction capabilities
compared to binary LDPC codes, making them indispensable
for various applications ranging from wireless communica-
tion to storage systems. The analysis of different decoding
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algorithms, including the sum-product algorithm, min-sum
algorithm, and belief propagation algorithm, has under-
scored the importance of algorithmic efficiency, complexity,
and performance trade-offs. While each algorithm has its
strengths and weaknesses, ongoing research efforts aim
to enhance their decoding capabilities through algorithm
optimization, error floor mitigation, and adaptive strategies.
Looking ahead, future research directions outlined in this
review include algorithm optimization, error floor mitigation,
adaptive decoding strategies, integration with emerging tech-
nologies, machine learning-assisted decoding, cross-layer
optimization, and standardization efforts. These directions
offer promising avenues for advancing the state-of-the-art in
non-binary LDPC decoding and unlocking their full potential
in real-world communication systems.
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