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Abstract

Matrix theory provides a well-established algebraic framework for working with linear maps, in which
matrix multiplication replaces the composition of linear transformations. However, there is no
canonical multiplication rule for hypermatrices that leads to multilinear maps, partly because
multilinear maps are not closed under composition. To address this gap, this research introduces a
novel (restricted) hypermatrix multiplication based on the Frobenius inner product. We start by
showing that every multilinear map f:V; XV, X ... XV, =V, gives a hypermatrix representation A
and defining a contraction operation, which computes f(v;,v,,..,v,) through Frobenius inner
products between A and matrices derived from input vectors. This operation allows for the efficient
computation of the hypermatrix of an arbitrary multilinear map. This work provides constructive
proofs and detailed numerical examples.

Keywords: Frobenius Inner Product, Hypermatrices, Linear Transformation; Multilinear Algebra,
Multilinear Maps

Introduction

The theory of matrices originated as a tool for solving systems of linear equations. While early
appearances of matrix-like methods can be traced back to Chinese mathematics, such as in the Nine
Chapters on the Mathematical Art (3rd century BCE to 2nd century CE), the formal development of matrix
theory is relatively recent. Determinants appeared first in the 17th century in the work of Leibniz and
later Cramer (Cajori, 1999). The terminology and conceptual framework of matrices followed in the
19th century, with James Joseph Sylvester (Sylvester, 1850) introducing the term matrix in 1850 and
Arthur Cayley (Cayley, 1858) developing the basic operations of matrix algebra, including matrix
multiplication, in his 1858 Memoir on the Theory of Matrices Cayley's insight that compositions of linear
transformations correspond to products of matrices laid the foundation for a general algebraic theory.
The link between matrices and linear transformations on finite-dimensional vector spaces led to the
modern framework of linear algebra, which now pervades both pure and applied mathematics. Matrix
theory has become a mature field, complete with rich connections to group theory, geometry, numerical
and functional analysis, and physics, particularly quantum mechanics. The development of efficient
matrix decompositions (e.g., LU, QR, SVD) and spectral theory has made matrices indispensable in
computational mathematics and data science.

In contrast, the theory of hypermatrices (also called multidimensional arrays or tensors) remains
comparatively underdeveloped. While higher-order arrays arise naturally in numerous fields such as
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signal processing, quantum information, numerical multilinear algebra, and data analysis, a
satisfactory generalization of matrix algebra to higher dimensions is still lacking. A major challenge in
developing a comprehensive hypermatrix theory is the absence of a meaningful notion of
multiplication. While the matrix product corresponds to the composition of linear maps, there is no
canonical or universally accepted way to define a multiplication operation for hypermatrices that retain
essential properties such as associativity, bilinearity, and interpretability as multilinear transformations
(Kolda & Bader, 2019). Various ad hoc products, such as the outer product and Kronecker product,
have been proposed in the literature, often driven by isolated applications rather than guided by a
coherent algebraic theory. The absence of a meaningful algebraic framework has limited both the
theoretical understanding and practical utility of hypermatrices. This underappreciation is not due to
a lack of importance, but rather due to the mathematical difficulties in generalizing familiar matrix
notions in meaningful and nontrivial ways.

This study aims to contribute to this ongoing effort by proposing a novel multiplication operation for
hypermatrices. Our goal is to retain certain desirable algebraic properties while also ensuring
interpretability and relevance to multilinear transformations.

Preliminaries

Definition (Hypermatrices)
Let K be any field. A function form A: {0,..,no — 1} x{0,..,n; —1} X .. X {0,..,np; —1} > K is
called a hypermatrix of order m and size ny X ny ... X n,,_, with coefficients from K.

Definition (Multilinear map)
A multilinear map is a function that takes multiple vector inputs and is linear in each variable
separately. Formally, let V,,Vy,...,V, be finite-dimensional vector spaces over the same field K. A
function,
Vi xVy, XXV, =V,

is said to be multilinear if, foreach 1 <i <n,all o, € K and all vectors v; € V,, ..., v, € V,,, we have:

fy, o, 0v; + BY;, o, ) = Af (U, e, Uy e, V) + B (g, o, U, o, 1),
Whenever v;, v; € V;.

Theorem
Let Vi, V,,...,V, be finite dimensional vector spaces. Let dim(V;) =d; for all 0 <i <n, and let
(e;.). . be fixed ordered bases for each V;, respectively.

Jil1<ji<d;

Let f:Vy XV, X ... x V;; > V, be a multilinear map. Then, there exist scalars, {A]] | 1<j,<d } such

that,

irn

— J
fv, vy, e, vp) = Z Z Z A Vg Un | €0,

1wJn
1<jo<dg \1<ji1sdi 1<jp<dpn

where, v; = Y1<j<a, Vi j, €ij; forall 1 < i <n (Serge Lang.,1986)

Proof:
By Mathematical Induction,

Forn=1,
Let f:V; =V, be alinear map. It is well-known that after choosing an ordered basis, for both domain
and codomain, f reduces to a matrix. For basis vector e; ;, € V; , we define scalars A]Jf satisfying,

flew)= . Aley,

1<jo=dy
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For any v; = }1<j <q, V1, €1,j, linearity gives,

f)=f Z Vi €y | = Z vy f(en),) Z ZWA Z A5, €y

1<j12d, 1<j12d, 1<j1=d, 1<jo=dg

Jo
Z Aj1 V1,j; | €ojo

1<josdg \1sj1sdq

This proves the theorem for n = 1.

Consider the first non-trivial case: n = 2,
Let f:V; XV, =V, be bilinear.
Then the hypermatrix is a 3-dimensional array (d, X d; X d,) with entries Ajjf i defined by,

— J
flevjpea),) = z Aj i, €0,jo

1<jo=d,

_ J
f(v,v;) = Z Z z Ajf,jZUleVz,jz €0,jo

1<josdy \1<j1=d; 1<j55d,

This generalizes matrix multiplication to two input vectors.

Then, assume that the theorem is true for multilinear maps with n — 1 arguments.
i.e , For any multilinear map g:V; X ..XV,_; =V, there exists a hypermatrix A with size
dy X dy X ...X dp,_; such that,

A]].") . such that,
LenJn—1

- Jo
g(Wi; ...,Wn—l) - Z Z z Ajlv--‘].n—l Wl.jl "'Wn_l']'n—l eo’jo

1<josdp \1Sj15d;  1Sjp_1=dp—q

For n,

Fix v, € 1, and define a new map g, :V; X .. X V;_y = V; by,
gvn(vlt v Une1) = f(Ug, e, Vnog, V)

Since f is multilinear, g,, is also linear on its domain.

By the induction hypothesis g,, has a hypermatrix representation B“» of size dg X dq X ... X dp,_;.

— Jo
gvn (171; ey vn—l) - Z Z P Z le:--uj‘n—l vl,jl’ ey vn_l;jn—l eo’jo

1<josdg \1<j15dqy  1<jp<dn—q

Because g,, is linear in v, (by multilinearity of f) the entries B;f‘___‘A

Fn—
#o _ Jjo
Bfl'---'fn—l - Ah

, can be written as,

1<jp<sy

where A/° . are constants.

/)

Combine terms,

— Jo
fvg, o) = Z Z Z Z A i Vnjn |V Vne1jnss | €0,

15j05d0 1<jy<dq 15jn—15dn—1 15jn5dn
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Rearrange the sums to get the final hypermatrix,

— J
fwg, o, vp) = Z Z Z A° in VLjar = Vnjin | €0,jo

15jos \15j15d;  15jp<dy

Results and Discussion

It is well known that for any bilinear map of the form f:R™ x R™ — R there is a unique matrix M =

(Ai'j)mxn such that,
floy) =x"My = Z Z Aij %i;

1<ism 1<jsn

Observe that with the previous theorem, we can easily derive this result as a corollary. Moreover, it
hints at the fact that we can somehow organize the scalars {A]]f in | 1<), <dg } in the theorem as a

hypermatrix.

To illustrate this with an example, let's consider the multilinear map f:R?* X R? x R® » R3
U VW + UV, W5
f(ur v, W) = [Zulvzwz + u2v1W1]
UV Wy + 2Uy VW,
Assume standard bases for R> and R? and compute the hypermatrix entries.

The hypermatrix A is order 3x2x2x3, each entry A . is the coefficient of €p,j, iN

fewjy ez, es,)- iz
()

All the outputs in R® can be calculated the same way.
Then organize A asa 3 X 2 X 2 X 3. Each “slice’ corresponds to an output component.

Output dim1(ey;)
[1 0 0 0 0 O
0 0 O0loxs'l0 0 1ok

Similarly other slices can be calculated.

For e;;,e51,€31,

Hence the Hypermatrix is,
[1 0 O] [0 0 O] [O 0 0 ] 0 1 0 0 0 0
0 0o ol'lo 0 1 0 2 0 0 0 0 00 0 0 2 0

By Frobenius inner product let’s consider the slice wise multiplication with the input hypermatrix,

H, =

U V1w U U1Wy UV W3 U VW1 Ui Wy UV W3
[ = u1171W1 + u2172W3

U VW, U VW, ulvzwg](zx3)’uzvzw1 U VoW, u2v2W3](2><3)](2X2X3)

Similarly, we can obtain the other components for slices, and therefore we are able to recover the same
multilinear map again.

Then let’s consider the fixed standard input bases for R* and R® and consider a non-standard basis

for the codomain R?2 as,
11 107 [1
-l B
ol Lol 1
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The corresponding hypermatrix H, can be written as follows with respect to the non-standard basis in

O R N (O B R N RN |

The following commutative diagram illustrates the relationship between hypermatrix representation
of a fixed multilinear map f:R? x R? x R® » R? under different basis choices for the codomain. Here
the transformation matrix M, whose columns are the basis vectors of B, converts coordinates from B
to the standard basis. Also, the relationship H; = M o H, holds, where ’o' denotes a scalar-type
multiplication (mode-1 product) between the matrix and the hypermatrix. This shows two fundamental

operations in our work such as the Frobenius inner product produces hypermatrix with input vectors
to evaluate multilinear maps and scalar type multiplication facilitates basis transformations by matrix-
hypermatrix composition.

R? x R? x R?

S

Figure 1: Commutative diagmm for hypermatrix basis change

1 0 1
= [0 1 1]
0 0 1
H1 = M o H2
Slice 1;

s R A LR A A R R |

-5 09 o Y

Similarly, the other two slices can be calculated.

Conclusion and Future Work

This work demonstrates that every multilinear map equivalent to a hypermatrix representation,
generalizing the concept of matrix multiplication to higher dimensions while preserving linearity in
each input. Instead of studying the hypermatrix directly, as there's a correspondence we can discuss
multilinear maps. Future work will investigate properties such as invertibility, determinants, and
eigenvalues in the context of hypermatrices.
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