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Abstract: Traveling Salesman Problems (TSPs) have been a long-lasting interesting challenge to
researchers in different areas. The difficulty of such problems scales up further when multiple
objectives are considered concurrently. Plenty of work in evolutionary algorithms has been introduced
to solve multi-objective TSPs with promising results, and the work in deep learning and reinforcement
learning has been surging. This paper introduces a multi-objective deep graph pointer network-based
reinforcement learning (MODGRL) algorithm for multi-objective TSPs. The MODGRL improves
an earlier multi-objective deep reinforcement learning algorithm, called DRL-MOA, by utilizing a
graph pointer network to learn the graphical structures of TSPs. Such improvements allow MODGRL
to be trained on a small-scale TSP, but can find optimal solutions for large scale TSPs. NSGA-II,
MOEA/D and SPEA2 are selected to compare with MODGRL and DRL-MOA. Hypervolume, spread
and coverage over Pareto front (CPF) quality indicators were selected to assess the algorithms’
performance. In terms of the hypervolume indicator that represents the convergence and diversity of
Pareto-frontiers, MODGRL outperformed all the competitors on the three well-known benchmark
problems. Such findings proved that MODGRL, with the improved graph pointer network, indeed
performed better, measured by the hypervolume indicator, than DRL-MOA and the three other
evolutionary algorithms. MODGRL and DRL-MOA were comparable in the leading group, measured
by the spread indicator. Although MODGRL performed better than DRL-MOA, both of them were
just average regarding the evenness and diversity measured by the CPF indicator. Such findings
remind that different performance indicators measure Pareto-frontiers from different perspectives.
Choosing a well-accepted and suitable performance indicator to one’s experimental design is very
critical, and may affect the conclusions. Three evolutionary algorithms were also experimented on
with extra iterations, to validate whether extra iterations affected the performance. The results show
that NSGA-II and SPEA2 were greatly improved measured by the Spread and CPF indicators. Such
findings raise fairness concerns on algorithm comparisons using different fixed stopping criteria for
different algorithms, which appeared in the DRL-MOA work and many others. Through these lessons,
we concluded that MODGRL indeed performed better than DRL-MOA in terms of hypervolumne,
and we also urge researchers on fair experimental designs and comparisons, in order to derive
scientifically sound conclusions.

Keywords: multi-objective optimization; traveling salesman problems; deep reinforcement learning

MSC: 68T07

1. Introduction

Optimization has become a highly active research area. Different optimization tech-
niques have been used around the world to solve a variety of problems. Machine learn-
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ing [1], evolutionary algorithms [2] and reinforcement learning [3] have been used and
researched widely. Reinforcement learning algorithms are mostly used in game develop-
ment and to solve complex puzzles. Reinforcement learning is a form of trial-and-error
learning where an agent acts upon an environment and learns to optimize a certain value
through its actions. This form of trial-and-error learning and its computational usage was
discussed significantly in the 1960s by several scientists including Minsky [4]. The term
“Reinforcement Learning” was first used in several engineering papers published around
the 1960s [3]. Reinforcement learning can be used to solve any optimization problem that
can be represented by a Markov decision process [5].

Basic reinforcement learning algorithms also have a drawback when handling prob-
lems with large state spaces. Storing all the transition probabilities or Q-values for large
state spaces requires a larger memory, and searching through the Q-table to find the respec-
tive Q-values carries a lot of overhead. To overcome these situations, reinforcement learning
algorithms are often coupled with an artificial neural network (ANN) [6]. These algorithms
are referred to as deep reinforcement learning algorithms. The purpose of this ANN is to
learn the underlying Q-Table and approximate the Q-values. Many policy gradient-based
reinforcement learning approaches rely on ANNs to function in this capacity. Advanced
reinforcement learning algorithms such as actor–critic methods [7], in fact, utilize two
ANNs. These two networks work in parallel, and keep improving the accuracy of each
other through the learning process.

Most of the basic reinforcement learning algorithms are intended to be focused on
finding optimal solutions to achieve a single goal, and would not perform adequately
when involving multi-goal problems. However, most of the real-world optimization tasks
involve a compromise between multiple objectives. As a result, multi-objective reinforce-
ment learning problems and an algorithm called DRL-MOA [7] were introduced, and are
being researched to increase the performance and capability of solving multi-objective
problems. Improving further upon the existing work based on multi-objective reinforce-
ment learning algorithms, new methods are currently being researched that utilize deep
reinforcement learning methods that we referred to as multi-objective deep reinforcement
learning algorithms.

Traveling Salesman Problems (TSPs) have been used for over several decades for
testing and assessing the capabilities of novel algorithms used in the field of operations
research, especially in the sub-field of combinatorial optimization. Along with the recent
improvements to ANNs and the introduction of new kinds of ANNs that are capable
of handling sequential and temporal data, the advantages of using multi-objective deep
reinforcement learning algorithms that utilize these networks have increased, especially,
when finding optimal solutions for multi-objective TSPs. By utilizing ANNs such as
pointer networks [8], researchers were able to generalize multi-objective deep reinforcement
learning algorithms so that they can be trained on a small-scale TSP (like a TSP with
just 40 cities), but can find optimal solutions for large scale TSPs (with even more than
1000 cities). A summary of multi-objective deep reinforcement learning algorithms using
different ANNs can be found in [9,10].

However, the pointer network used by DRL-MOA might be good at learning one
dimensional linear structures of a TSP route. Learning the two dimensional graphical
structure of a TSP could pose some challenges. Motivated by the recent developments in
this field and the broad applications, in this paper we propose to improve DRL-MOA by
adapting a graph neural network into DRL-MOA, in order to learn the graph structure of a
TSP better. We present an algorithm, called multi-objective deep graph pointer network-
based reinforcement learning (MODGRL), based on an improved graph pointer network
mechanism [11] and a weighted sum method-based decomposition strategy [7]. A key
objective of this paper is to prove that MODGRL is better in learning TSP, and performs
better than DRL-MOA and selected evolutionary algorithms from [7]. MODGRL and DRL-
MOA were compared with NSGA-II, MOEA/D and SPEA2. The resulting Pareto-frontiers
were evaluated using three different quality indicators, namely, hypervolume, spread and
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coverage over Pareto front (CPF). The selected quality indicators assess different aspects of
quality, which is very important, since a single quality indicator cannot measure all aspects
successfully at once [12,13].

The main contributions of this work are:

• A novel algorithm called MODGRL is introduced, which integrates a graph neural
network with DRL-MOA to learn the graphical structures of TSPs. It outperforms the
same selected algorithms from [7] in terms of hypervolume indicator.

• MODGRL and other algorithms’ performance are assessed by hypervolume, spread
and CPF indicators, to demonstrate the importance of suitable and sufficient quality
indicator selection.

• Additional experiments with 8000 iterations are performed, to demonstrate potential
pitfalls that may be overlooked by many researchers.

• The same additional experiments also demonstrate the importance of using a stopping
criterion that can be applied to algorithms in different categories (e.g., maximum time
budget) [14].

The rest of the paper is organized as follows. How related algorithms have been
evolved to solve TSPs are summarized in Section 2. Section 3 describes the MODGRL
architecture and the datasets and hyperparameters used for the experiments. The experi-
mental results are covered in Section 4, followed by important findings and discussions in
Section 5. Finally, the conclusion is presented in Section 6.

2. Related Work

Multi-objective optimization problems such as TSPs have been around for a few
decades. Researchers have developed many solutions to solve this kind of optimiza-
tion problem. Among these solutions, multi-objective evolutionary algorithms such as
non-dominated sorting genetic algorithm (NSGA)-II [15], strength Pareto evolutionary
algorithm (SPEA) [16], Pareto local search, genetic local search [2], ant colony optimization
(ACO) [17] and donkey and smuggle optimization (DSO) [18] have been a remarkable
success. Readers may find important work of this category in survey papers such as [19,20].

For TSP challenges using ANNs, the input and output sequences will have varied
lengths from problem to problem. Thus, relying on a vanilla recurrent neural network
(RNN) [21] for learning the input features and predicting the next value of the sequence
will limit us to fixed size input sequences [8]. This will often require re-training of the
models when the problem changes. By combining multiple RNNs, Sutskever et al. [22]
introduced a more flexible network model that was capable of learning from varying length
input sequences. In this model, separate RNNs were used as an encoder and a decoder.
The decoder contained the attention mechanism, and was dependent only on the output of
the encoder. The encoder used the varying length input sequences and generated a fixed
length encoded vector. This allowed the network to handle inputs with varying lengths.
Later, Bahdanau et al. [23] modified the decoder of the network from [22] by augmenting the
network to propagate additional contextual information from the input sequence utilizing a
content-based attention mechanism. Building further upon this, Vinyals et al. [8] introduced
another attention-based model called the pointer network.

This pointer network [8] can overcome a key weakness that existed in many of the
attention models, namely, its inability to handle varying inputs. The pointer network model
could take input sequences with varying lengths, making it a highly valuable component
in many areas. This network was able to point to the index of the input sequence rather
than blending the encoded inputs to a context vector as in other attention models.

The pointer network model was improved by Q. Ma et al. [11] to develop an improved
pointer network that can learn the structure and the context of graph structured inputs.
This model, referred to as the graph pointer network (GPN) [11], was able to use a matrix
representation of the TSP as a graph, and utilize an aggregation method to aggregate values
from the neighboring nodes to help the GPN learn the context of the TSP better. Since a
GPN is capable of aggregating the values of the neighboring nodes when updating a node
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value allowing the node to retain knowledge about the surrounding nodes, this model
performs better at learning structured representations such as graphs. This algorithm was
able to perform well when learning on the single-objective TSP and managed to outperform
many of the existing single-objective TSP approaches [11].

Unlike the neural network models that rely on existing data to predict the next action,
reinforcement learning algorithms learn to solve optimization problems via an agent
that acts upon an environment. Thus, a reinforcement learning algorithm can adjust for
changes in the environment (e.g., the addition of extra cities, change of city locations in
the case of a TSP) and provide Pareto optimal solutions for it without the need to re-train.
Although the number of researches conducted for multi-objective reinforcement learning
on combinatorial optimization are still limited, many researches have been conducted on
single-objective reinforcement learning algorithms and their ability to handle problems
such as TSPs and Deep-Sea Treasure [6,24]. These researches show that reinforcement
learning can perform as well as the other existing methods and even outperform them.
As a result, there are plenty of examples and simulation/testing training frameworks built
to handle single-objective TSPs.

However, when trying to solve multi-objective optimization problems using reinforce-
ment learning, the most common approach is to rely on a scalarization function. Following
this approach, many of the multi-objective reinforcement learning and multi-objective
deep reinforcement learning algorithms utilize a scalarization function where the multiple
objectives are assigned different priorities, and use it to generate a single scalarized function
after computing the reward vector [7,9]. More recent papers using multi-objective deep
reinforcement learning approaches (e.g., DRL-MOA in [7]) utilized weighted sum method-
based decomposition strategies, where the main multi-objective optimization problem was
broken down into several scalarized optimization problems. Based on this decomposition
strategy, by solving the subproblems and finding the respective Pareto-optimal solutions,
the DRL-MOA was able to obtain the Pareto-frontier.

Furthermore, DRL-MOA [7] combined the decomposition strategy and used an actor–
critic reinforcement learning algorithm [25,26], to solve each of the sub-problems effectively
to generate the Pareto frontier. Actor–critic algorithms are a combination of actor-only
methods such as policy gradient and critic-only methods such as temporal difference
learning [26]. The actor behaves as the policy generation mechanism, while the critic can
be considered as the value function. The actor can be augmented with any ANN or policy
gradient method, while the critic can be augmented with any policy evaluation method
that is used commonly, or by using an ANN. This enables the researchers to develop
actor–critic algorithms to benefit from the ANNs, as well as the advantages provided by
the reinforcement learning algorithms.

Based on the analysis of the most recent related work presented above, it is evident
that there is a lot of research using reinforcement learning algorithms for single-objective
traveling salesman problems, and many more new research are emerging to evaluate the
capability of reinforcement learning algorithms to solve multi-objective traveling salesman
problems. Some of these new research algorithms utilize the state-of-the-art graph-based
artificial neural networks [10] to solve single-objective TSPs. By improving upon the recent
developments, we believe that by leveraging the power of graph-based neural networks,
multi-objective deep reinforcement learning algorithms could be improved further and
solve multi-objective TSPs more efficiently. With such, the multi-objective deep graph
pointer network-based reinforcement learning (MODGRL) is introduced in Section 3.

Since DRL-MOA [7] was introduced, there has been some related work applying
multi-objective deep reinforcement learning to other combinatorial optimization problems.
For example, in [27], a pointer network-based multi-objective deep reinforcement learn-
ing model was introduced to assist service function chains placement needed for 5G (or
beyond) network services’ strict quality of service requirements (e.g., minimizing E2E
latency and minimizing computing resource congestion among all nodes). In [28], a deep
Q-network-based multi-objective deep reinforcement learning model was introduced to
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recommend movies based on three conflicting metrics, namely, precision, novelty, and di-
versity. MODRL/D-EL [29] introduced a hybrid solution to improve MODRL/D-AM
from [30], and a new evolutionary learning model to solve a multi-objective vehicle routing
problem with time windows (MO-VRPTW) [29]. There are also some related works dedi-
cated to scheduling problems for different domains (e.g., [31–33]) or utilized deep learning
solutions or reinforcement learning solutions, rather than both, listed in [34], to solve
multi-objective TSPs. Yet, to the best of our knowledge, our work is the only multi-objective
model with both deep learning and reinforcement learning, and is specifically for solving
multi-objective TSPs after DRL-MOA, MODRL/D-AM [30] and Ouyang’s work in [34]
were introduced. Since there was no source code of [30,34] available at the time of our
experiments, we did not include these two for fair comparison purposes [14,35]. We suggest
readers refer to their work and experimental results in [30,34].

3. Multi-Objective Deep Graph Pointer Based Reinforcement Learning

This section first reviews traveling salesman problems in Section 3.1, and then intro-
duces the datasets and hyperparameters for MODGRL in Sections 3.2 and 3.3. The model ar-
chitecture of MODGRL is then presented in the following subsections from
Sections 3.4–3.7.

3.1. Traveling Salesman Problems

A TSP is an NP-hard problem where the objective is to find a tour that allows the
salesman to start from some city and visit all other cities and return to the origin. A single-
objective TSP attempts to find the optimal tour by minimizing the distance travelled [36].
However, in many real world scenarios, we often have to optimize more than one objective.
A bi-objective TSP (BOTSP) is a variant of TSPs where each edge will contain two indepen-
dent cost values. The objective of a BOTSP solver is to find the tour that would minimize
both cost functions. For a BOTSP with N cities, the costs for two objectives can be denoted,
respectively, as c1

ij and c2
ij, where i, j = 1, 2, 3 . . . N, representing the costs for moving from

city i to city j. In a Euclidean TSP example from [37], the two costs are usually the distance
between the coordinates of the two cities. In [38], the multi-objective optimization problem
with variable travel time example could have travel distance and travel time as two cost
objectives. Therefore, for a BOTSP, each city requires to have two sets of coordinates, each
of which correspond to a different objective. As the two costs c1

ij and c2
ij are independent

and often conflicting, the final solution will be a set of Pareto-optimal solutions. A BOTSP
can be defined mathematically as follows [19]:

“min”zk(ρ) =
N−1

∑
i=1

ck
ρ(i),ρ(i+1) + ck

ρ(N),ρ(1), k = 1, . . . , p. (1)

where ρ represents a cyclic permutation of the N cities. When p = 2, the equation is
expressed as a BOTSP; and when p > 2, the equation is generalized as a multi-objective TSP.

TSPLIB [39] provides a collection of test cases that contain many TSPs, including
single-objective and multi-objective TSPs. It is generally used as a standard test set to
benchmark TSP solvers.

3.2. Training and Validation datasets

We are training the model using a set of randomly generated bi-objective Euclidean
TSPs with 40 cities. Each problem consists of 40 cities, and each city contains two sets of
independent coordinate points [[x1, y1][x2, y2]] in the euclidean space. Each coordinate
pair represents the values associated with the corresponding objective. The training set was
generated using the random generator from the pytorch library using the seed value 12,345.
The training set contained 500,000 samples, each with 40 cities, and each city had two pairs
or Euclidean coordinates between [0, 1]. The validation dataset contained 1000 samples,
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and was generated following the same procedure as the training set using the seed value
12,346 instead.

3.3. Hyperparameters

For this project we used a batch size of 200 and a learning rate of 0.05. The learning rate
is decayed by a factor of 0.0005 after every 10,000 samples. We also utilized the pre-training
approach [7], using five episodes for the first sub-problem and three episodes for every
sub-problem after the initial one. This is because we are reusing the weight values of the
GPN obtained for the previous set of weight configurations for the next set as the initial
values, thereby speeding up the training process.

3.4. Model

In our implementation of the MODGRL algorithm, we follow the approaches presented
in two very recent papers [7,11] that performed well in their respective problem domains.
There are three main components in the MODGRL algorithm:

• The decomposition strategy,
• Self-critic reinforcement learning agent,
• Graph pointer network for approximations.

The decomposition strategy acts as the outer loop of the MODGRL algorithm and
handles the decomposition of the multi-objective optimization problem into a set of scalar
optimization problems. Each of the sub problems is handled by the reinforcement learning
agent. This reinforcement learning agent makes use of the graph pointer network to
generate the TSP tours and evaluate them. Based on the calculated loss after the evaluation,
the reinforcement learning agent updates the weights of the graph pointer network making
it more accurate over time.

3.5. The Decomposition Strategy

We follow the decomposition strategy presented by [7]. This project utilizes the widely
used weighted sum approach when decomposing the multi-objective optimization (MOO)
problem into a set of scalarized optimization problems. Solving these scalarized functions
will generate the Pareto optimal solution for the MOO problem. Assuming we have N
scalar optimization subproblems and M objectives, our weight vector can be represented
as wij = [[w11, w12, w1M], . . . , [wN1, wN2, wNM]].

For the bi-objective TSP, assume M = 2 and we have N = 101 subproblems. By using the
weighted sum approach, we split the problem into 101 scalar optimization problems, each
containing a weight vector corresponding to the two objectives. To split, we initialize a weight
vector as wij = [[0, 1.0], [0.01, 0.99], [0.02, 0.98], . . . , [0.98, 0.02], [0.99, 0.01], [1.0, 0]] [7,30].

Thus, for each scalarized subproblem wi, there will be two weight values wi1 and wi2,
each corresponding to the two objectives of the bi-objective TSP and the sum of the weights
is equal to 1. Thus, we obtain the outermost loop for the proposed MODGRL algorithm,
which iterates over the entire weight vector from i = 0 until i = N [30].

For each subproblem, the reward function is modeled using two weight values and the
corresponding reward values for each of the two objectives. Thus, for the reward function
R for the ith subproblem could be calculated with Equation (2), where f1(x) and f2(x)
represent the corresponding reward values for each objective and x is the obtained tour.
The goal of the MODGRL algorithm is to minimize Ri(x) for 0 ≤ i ≤ N, see [7]

Ri(x) = (wi1 ∗ f1(x) + wi2 ∗ f2(x)). (2)

3.6. Self-Critic Reinforcement Learning Agent

This paper uses the self-critic architecture utilized by [7]. The self-critic model used
by Kaiwen Li et al. is a modified variant of the actor–critic reinforcement learning ar-
chitecture. The actor–critic models were developed from the gradient descent methods
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and were designed as a hybrid model to take advantage of both policy-based and value-
based reinforcement learning methods. Generally, in an actor–critic model there are two
main components.

3.6.1. Actor

The actor handles the generation of the policy and then decides where the agent
should move to. In the case of a TSP, the actor is what generates the tour for the given TSP.

3.6.2. Critic

A critic uses a value-based approach and evaluates the actions taken by the agent.
In the TSP context, once the actor generates the tour, a critic will take in the tour and give a
value for the tour. This value can be used as the approximation when calculating the loss
function to update the weights of both the networks.

The self critic method only uses a single artificial neural network model instead of the
usual two actor and critic models. In this architecture, the ANN functions both as the actor
and the critic. When functioning as the actor, the agent will choose the next city to visit at
random from the probability distribution generated by the model. The model in this case
will return the generated tour and the probability distribution for selecting the next city.

When the model needs to function as the critic, instead of choosing the next city to
visit randomly, the agent selects the city with the highest probability (prob), and produces
the total distance of the tours as the reward values (R1 and R2). This strategy generates two
different tours (t1 and t2), obtained using the same ANN, one generated at random and
the other, the best possible tour. The reward value from the best possible tour (R1) is used
as the approximation of what the reward value should be, and the loss is calculated based
on the two reward values R1 and R2 . The generated loss is used to update the weights of
the model.

The high-level architecture of the proposed MODGRL algorithm can be explained by
the pseudo-code given below.

Listing 1. The MODGRL Algorithm.

for w1,w2 in W:
for i in range(0,e):

for b in T:
t1,R1,prob = Actor()
t2, R2 = Critic()
loss = R1 - R2
loss.backwards()

save_model()

W is the set of weights the sub problems generated using the weighted sum based
decomposing strategy described in Section 3.5. w1 and w2 represent the respective weights
for the two objectives. The algorithm loops over each epoch i until the predetermined
number of epochs, e, is reached. b is a single batch, and T is the list containing all the
batches. The decomposition strategy acts as the controller of the MODGRL algorithm,
allowing the algorithm to loop over all the subproblems, as described in Section 3.5.

3.7. Graph Pointer Network for Approximations

The GPN used in the MODGRL algorithm was adapted from the work presented
by [11]. Their algorithm was designed for solving single-objective optimization problems
and performed well in their problem space. We adapted this algorithm for our bi-objective
MODGRL algorithm by making the necessary changes to the input vectors and the respec-
tive components.

For this specific project, by using a GPN architecture, we developed a Reinforcement
Learning agent that can be trained on small scale multi-objective TSPs with about 20 or
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40 cities, and used that same trained model to predict large scale multi-objective TSPs with
100 or more cities. In fact, Ref. [11] used this GPN approach which allows their model to
train on small scale single-objective TSPs (with 20, 40 cities) and then to solve large scale
single-objective TSPs (with 100, 200, 500 cities). The MODGRL algorithm also shows such
scalability when being applied to multi-objective TSPs. This is a huge advantage, as the
training time needed for large scale multi-objective TSPs is very long, and by training
the agent on small scale problems we can reduce it by more than a half. This is because,
if we were to train the algorithm with a 100 city problem, each tour would have 100 cities,
whereas, if we train on a problem with just 20 or 40 cities, each tour would only contain 20
or 40 cities, respectively.

Figure 1 presents the data flow and control flow of the algorithms, and how each
of the different components are integrated and function. Table 1 summarizes how the
components in Figure 1 are structured, and the inputs and outputs of each of the different
components, and what the component is, along with their functionality/usage. In Figure 1
and Table 1, the two embedders are responsible for embedding the graph matrix and the
current city value. The embedded current city value is then passed on to the long-short-term
memory (LSTM) to be encoded. The embedded graph structure is passed on to the graph
encoding/aggregation layers. The outputs from the two encoders are used as the input
for the final pointer. This layer will generate the final probability distribution for selecting
the next city by generating the matrix-to-matrix product of the two encoded inputs and
passing it through a SoftMax function. Additionally, x refers to the number of cities and y
represents the number of objectives in Table 1. The number of objectives are multiplied by
2 every time, because each objective in our Euclidean TSP consists of a pair of coordinates
to mark the location.

Figure 1. Architecture of the GPN showing how each component interacts and integrates together.
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Table 1. The components of the GPN and its functionality. x refers to the number of cities in the TSP
and y refers to the number of parameters in the objective. In the bi-objective Euclidean TSP, there are
two objectives. Each objective is made up of 2 parameters to represent the coordinates of the location.

Component Functionality Network
Type

Input Output

Embedder 1 Embed all the coor-
dinates values of all
the cities in the entire
problem.

Linear
Layer

Vector containing
all city coordinates
[x, 2 ∗ y].

Vector
of size
[x, 128].

Embedder 2 Embed the coordi-
nate values of the cur-
rent city.

Linear
Layer

Vector containing
current city coordi-
nates [1, 2 ∗ y].

Vector of
size [1, 128].

Encoder 1 Use the output from
Embedder 1 and ag-
gregate the neighbor-
ing values to capture
the entire graph.

Graph En-
coder

Output from Em-
bedder 1.

Encoded
represen-
tation of
the cities of
size x

Encoder 2 Use the output from
Embedder 1 to cap-
ture information re-
lated to the sequence
of visited cities.

LSTM Output from Em-
bedder 2, Previous
cell gate value, Pre-
vious output gate
value.

Output
gate value,
cell gate
value.

4. Experiments and Results

In order to replicate the experimental setting of [7], this paper selected DRL-MOA
and two evolutionary algorithms (i.e., NSGA-II and MOEA/D) from [7] to compare with
MODGRL. Additionally, SPEA2 was selected so that there were sufficient algorithms to
conduct statistical analysis and rankings by CRS4EAs, “a novel method for comparing
evolutionary algorithms, which evaluates and ranks algorithms regarding the formula
from the Glicko-2 chess rating system [40]”. CRS4EAs [40,41] is capable of conducting
non-parametric statistical tests [42]. An algorithm’s ranking is represented as an absolute
rating value, meaning the absolute power of an algorithm after a tournament. Rating
deviation and rating volatility, respectively, represent the range of a ranking based on a
certain confidence interval (e.g., 95%) and the degree of expected fluctuation in a player’s
rating. When two algorithms’ ranking ranges do overlap, it means these two algorithms
are not statistically significant. Per [41], its statistical results are comparable with null
hypothesis significance testing (NHST), which is “a method of statistical inference by which
an experimental factor is tested against a hypothesis of no effect or no relationship, based on
a given observation [43]”. CRS4EAs is also less sensitive to the number of problems, number
of algorithms, and number of independent runs [41]. We first introduce the experimental
settings of all the algorithms in Section 4.1, followed by the training and testing sets for
the algorithms in Section 4.2. Finally, the experimental results are presented in Section 4.3,
and assessed using three quality indicators.

4.1. Parameter Settings

For the two reinforcement learning algorithms, i.e., MODGRL and DRL-MOA, the hy-
perparameters were set the same and are described in Section 3.3. For all the selected
evolutionary algorithms, i.e., NSGA-II, MOEA/D and SPEA2, the population size was set
to 100, and each experiment was run 10 times.

4.2. Training and Testing Datasets

The training set was described in Section 3.2. For the testing dataset, commonly used
KroAB 100, 150, and 200 instances were adopted, obtained from TSPLIB [39]. KroA and
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KroB are both used for testing single-objective traveling salesman problems. These datasets
consist of Euclidean coordinates for each city. The Euclidean distance calculated from these
coordinates is used as the object value, and needs to be minimized to satisfy the conditions
of the TSP. By combining both KroA and KroB, researchers have created the KroAB datasets,
which consists of two pairs of coordinates for each city. These two pairs are used as the
two respective objectives for the bi-objective TSP. Since the two objectives are independent,
optimizing one objective does not necessarily optimize the second objective. Thus, it makes
the KroAB datasets ideal for testing bi-objective Euclidean TSP agents.

4.3. Experimental Results

In order to provide fair comparisons, the same experimental settings as in [7] were
set for the selected evolutionary algorithms, which were terminated at 500, 1000, 2000,
and 4000 iterations, and are equivalent to 50,000, 100,000, 200,000, and 400,000 fitness
evaluations, respectively. Experiments of NSGA-II, MOEA/D and SPEA2 running with
800,000 fitness evaluations were also added, to observe whether doubling the fitness
evaluations to 800,000 made the algorithms perform better or worse than MODGRL and
DRL-MOA. Such extra experiments were performed to express the importance of algorithm
comparisons under fair conditions, no matter if these algorithms are within the same or
different categories.

First, since there are 17 Pareto-frontiers, we displayed the Pareto-frontiers of the KroAB
100 dataset in three separate plots in Figure 2, categorized by three different EAs, for better
representations. Similar Pareto-frontiers of the KroAB 150 and 200 datasets are presented
in the Appendix. As can be observed from the Figures, MODGRL’s Pareto-frontiers are
much better than those of NSGA-II, MOEA/D, and SPEA2. The MOEA/D result running
with 8000 iterations (equivalent to 800,000 fitness evaluations) shown in Figure 2 (middle),
overlaps slightly with the result of MODGRL. Such an observation shows a good example
of the need to use a quality indicator to measure algorithms’ performances, described in
the next paragraph. Readers may also find that the Pareto-frontiers of MODGRL are also
better than that of DRL-MOA in these Figures.

In order to analyze our experiments further, we computed the Pareto-frontiers of
all the algorithms using three different quality indicators, namely, hypervolume [44],
spread [45,46], and coverage over the Pareto front (CPF) [47]. The hypervolume indicator
calculates the hypervolume of the area covered by a solution set with respect to a reference
point. The value indicates a multi-objective algorithm’s performance on its Pareto-frontiers
in terms of both convergence and diversity [47]. The Spread indicator (∆) was formulated
in [15] to measure the diversity of Pareto-frontiers of bi-objective problems. Later, it was
extended for those problems with more than two objectives [45,48]. Coverage over Pareto
front (CPF) [47] is a newer indicator to assess both evenness and spread more accurately.
All the experimental results are tabulated in Appendix A. Note that the hypervolume
indicator is the only one used in [7]. Additionally, the indicator experimental results
were analyzed statistically and ranked using CRS4EAs [40]. Because the MODGRL and
DRL-MOA experiments were run 10 times with the average and standard deviation of the
three indicators available, CRS4EAs is applicable to rank all the algorithms here. Note
that there are no equivalent concepts of populations’ size and iterations available in deep
reinforcement learning algorithms. For fairness comparison reasons [35], readers should
be reminded that such inequivalences should be considered as threats of validity. We will
discuss the fairness comparison with more details using our findings in Section 5.
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Figure 2. The Pareto-frontiers of MODGRL, DRL-MOA, NSGA-II, MOEA/D and SPEA2 algorithms
on the KroAB 100 dataset.

Figure 3 shows that, regarding the KroAB100 dataset, both MODGRL and DRL-MOA
were statistically significantly better than NSGA-II, MOEA/D, and SPEA2 with 4000 or
fewer iterations. Such results also proved that our experiment was conducted comparably
with the one in [7]. As for the three evolutionary algorithms running 8000 iterations,
MODGRL outperformed all of them as well as DRL-MOA, but the differences were not
significant except for SPEA2-80000. From Figure 4, we observed that MODGRL, DRL-
MOA, NSGAII-800000 and SPEA2-800000 were in the leading group for all the datasets.
Additionally, MODRGL and DRL-MOA were quite comparable, although NSGAII-800000
and SPEA2-800000 had larger rating score margins with MODGRL and DRL-MOA for the
KroAB 100 dataset. In Figure 5, we can observe that MODGRL ranked first, excluding
those with 8000 iterations, but there was no statistical significance with NSGAII-400000 and
SPEA2-400000. For the KroAB150 and KroAB200 datasets, the rankings of the hypervolume,
Spread and CPF indicators were very similar to those in Figures 3–5. We put these figures
in Appendix A.
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Figure 3. Hypervolume ranking results for 100 cities.

Figure 4. Spread ranking results for 100 cities.

Figure 5. CPF ranking results for 100 cities.

Based on the obtained results from the three datasets, it is evident that MODGRL
outperformed all the other compared algorithms in terms of convergence and diversity
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represented by the hypervolume indicator. MODGRL also performed relatively well
in terms of evenness and spread of Pareto-frontiers measured by the Spread and CPF
indicators. Lastly, MODGRL ranked better than DRL-MOA, although not all necessarilly
statistical significant, for all but two results (i.e., KroAB 150 and KroAB 200 datasets
measured by the Spread indicator shown in Appendix A) using the three quality indicators.

5. Discussions

There are several findings observed from the previous section that are worth further
discussions, which could become good references for future research. All the findings are
derived from the results of statistical analysis and rankings conducted by CRS4EAs.

• Quality indicators: Although MODGRL stands out in terms of the hypervolume
indicator for all the datasets, its CPF performance was only average between all the
17 competitors. Many researchers have discussed the applicability and advantages
of different quality indicators for multi-objective optimization problems (e.g., [49]).
As multi-objective deep reinforcement learning is emerging, utilizing suitable and
multiple quality indicators is a must, so that the algorithms’ performances in different
perspectives can be examined more thoroughly.

• Fair comparisons: Comparing experiments under the exact same settings is a precon-
dition for all scientific disciplines. Otherwise, the findings may be incorrect and/or
misleading, and the derived conclusions may be questionable. TSPs are a popular combi-
natorial problem that can be solved by algorithms in different categories. In this paper
and [7], two kinds of algorithms (i.e., evolutionary algorithms and deep reinforcement
learning algorithms) are compared with each other. First, the performance of both kinds
of algorithms may be affected greatly by their parameter or hyperparameter settings.
The best settings for each algorithm may be investigated first by following [35]. However,
the stopping criteria of the two kinds are not comparable. For example, the maxi-
mum number of fitness evaluations (maxFEs), maximum number of iterations (maxIter),
and max time budget are seen commonly as fixed stopping criteria to terminate evolution-
ary algorithms. Other criteria, on the other hand, terminate algorithms when the results
do not improve any further during the evolutionary process. deep learning algorithms,
conversely, use epoch as a fixed stopping criterion. Similarly, some researchers stop
deep learning algorithms when loss begins to increase or accuracy begins to decrease.
However, the criteria for evolutionary algorithms and those for deep learning algorithms
are not always comparable (e.g., maxFEs vs. epoch, or fitness no longer improve vs.
accuracy decreases). As observed in Appendices A.2 and A.3 in Appendix A, NSGA-II
and SPEA2 with 8000 iterations outperformed all the other algorithms in terms of spread
and CPF. If there were no such experiments with extra iterations presented, readers
would have concluded that MODGRL (or DRL-MOA in some experiments) was the best
in terms of all the three quality indicators. With such, max time budget (i.e., maximum
CPU time) might be the most objective stopping criteron for comparing algorithms of
the same, or even different, categories.

• Performance on Large Scale TSP: MODGRL was trained on a multi-objective TSP with
only 40 cities. As is evident from the results obtained from the experiments, it was able to
perform well on problems with 100, 150 and 200 cities. Based on this performance, it can
be predicted that the MODGRL algorithm can scale very well to even large scale problems
with more than 200 cities. Hence, we conducted a number of experiments on 500, 750,
and 1000 cities. The experimental results show that MODGRL remained competitive for
large scale multi-objective TSPs. Due to the space constraint, the experimental results are
not included. Readers may contact the authors for more details.

6. Conclusions

This paper introduces the MODGRL algorithm that incorporates a GPN to provide an
added advantage over the other existing deep learning algorithms. The GPN aggregates
values from neighboring nodes in order to learn a problem structured in a graph better,
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such as TSPs. Additionally, a pointer network is capable of handling varying lengths of
inputs, which helps overcome the major drawback of having to re-train the algorithm
when the problem space changes. As demonstrated by the hypervolume results, MODGRL
was only trained on a training set with 40 cities, and it ranked better than DRL-MOA
with 100, 150 and 200 cities using the KroAB datasets. The paper also measured the
algorithms’ performance using spread and CPF, two popular quality indicators for multi-
objective optimization problems. The different ranking results from these three indicators
again show the importance of choosing suitable and sufficient quality indicators. In
addition to quality indicators, the number of iterations configured for NSGA-II, MODE/D,
and SPEA2 also influenced the performance. When the number of iterations was increased
to 8000 iterations, NSGA-II and SPEA2 became competitive with MODGRL and DRL-MOA
using the KroAB150 and KroAB200 datasets. This extra experiment reminds researchers to
avoid the potential pitfall of setting a stopping criterion arbitrarily. Additionally, in order
to conduct fair comparisons, it is important to use a stopping criterion that is suitable
for all the competing algorithms in different categories (e.g., maximum time budget [14]).
Our future direction is to apply MODGRL to other combinatorial optimization problems,
such as the job shop scheduling problem (JSSP) [50]. In JSSP, jobs must be processed on
machines so that the total completion time is minimal, whilst, in a TSP, the problem is to
find the shortest possible route that visits each city exactly once and returns to the city of
origin. Both problems, TSP and JSSP, are combinatorial problems which can benefit from
pointer network-based reinforcement learning. Our future research aims to investigate
what conditions need to be fulfilled to learn graphical structures on small problems that
can be applied successfully to larger problems.

Author Contributions: Conceptualization, J.P., S.-H.L., M.M., M.Č. and M.R.; Methodology, J.P.,
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Appendix A

This section introduces the experiments using KroAB 150 and KroAB 200 datasets.
MODGLR is compared with 16 other competitors: DRL-MOA, NSGA-II with 10,000, 20,000,
40,000, 80,000 fitness evaluations, MOEA/D with 10,000, 20,000, 40,000, 80,000 fitness evalu-
ations, and SPEA2 with 10,000, 20,000, 40,000, 80,000 fitness evaluations. The experimental
results were measured by the hypervolume indicator, Spread indicator, and CPF indicator
are described respectively in Sections A.1–A.3. The results were statistically analyzed and
ranked by CRS4EAs.

Appendix A.1. Performance based on the Hypervolume Indicator

As mentioned before, the hypervolume indicator measures a multi-objective algorithm’s
performance on its Pareto-frontiers in terms of both convergence and diversity [47]. Table A1
shows the average and standard deviation values of the hypervolume indicator of 10 runs of
the experiments on the KroAB100, KroAB150 and KroAB200 datasets. The results show that
MODGRL indeed had the largest hypervolume values between all the algorithms on three
datasets. The EA experimental results with 800,000 fitness evaluations, which are not available
in [7], also show that, by doubling the fitness evaluations to 800,000, the other algorithms
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still performed worse than MODGRL and DRL-MOA in terms of the hypervolume indicator.
Figure A1 shows the Pareto-frontiers of the KroAB 150 and KroAB 200 datasets.

Table A1. Comparison of hypervolume values. The maximum values is the best. The bold values are
the best ones among all algorithms.

Algorithm 100 Cities 150 Cities 200 Cities

NSGAII-50000 7180.84 ± 155.03 15,199.3 ± 79.02 25,753.2 ± 530.55

NSGAII-100000 7723.16 ± 158.98 16,318.5 ± 280.08 27,784.8 ± 517.64

NSGAII-200000 8165.2 ± 156.01 17,218.6 ± 294.58 29,841.6 ± 438.71

NSGAII-400000 8547.12 ± 148.20 18,292.5 ± 217.11 31,471.7 ± 389.45

MOEAD-50000 7731.55 ± 99.34 16,544.1 ± 292.57 28,560.6 ± 392.84

MOEAD-100000 8055.78 ± 122.92 17,591.8 ± 254.73 30,523.3 ± 287.90

MOEAD-200000 8382.7 ± 117.92 18,454.8 ± 232.21 32,019.1 ± 362.77

MOEAD-400000 8681.01 ± 53.34 19,179.9 ± 145.75 33,599.7 ± 226.31

SPEA2-50000 7164.03 ± 131.36 15,034.5 ± 325.94 25,611.6 ± 685.15

SPEA2-100000 7600.62 ± 114.64 16,085.3 ± 217.06 27,178.7 ± 332.80

SPEA2-200000 8072.38 ± 155.11 17,053.4 ± 149.45 29,320.9 ± 659.21

SPEA2-400000 8556.86 ± 130.54 18,305.1 ± 276.31 31,133.4 ± 516.30

DRL-MOA 9730.87 ± 64.08 22,409.4 ± 63.55 40,396.2 ± 197.36

MODGRL 9847.84 ± 70.98 22,720.5 ± 80.86 41,010.4 ± 105.59

NSGAII-800000 8903.32 ± 96.95 19,194.4 ± 270.47 32,876.2 ± 514.30

MOEAD-800000 8886.74 ± 96.58 19,837.3 ± 193.08 34,927.2 ± 353.19

SPEA2-800000 8853.22 ± 139.65 19,259.1 ± 322.75 32,857.9 ± 514.39

Figure A1. The Pareto-frontiers of 17 algorithms on the KroAB 150 dataset (top row) and KroAB 200
dataset (bottom row).
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For the KroAB150 and KroAB200 datasets, shown in Figure A2, the rankings were
very similar to those in Figure 3. One interesting observation is that MODEA/D had a
much better ranking than NSGA-II and SPEA2 with the same iterations when the problem
scaled up from 100 to 150 and 200.

Figure A2. Hypervolume ranking results for 150 cities (top row) and 200 cities (bottom row).

Appendix A.2. Performance Based on the Spread Indicator

The Spread indicator (∆) was formulated in [15] to measure the diversity of Pareto-
frontiers of bi-objective problems. Later, it was extended for those problems with more than
two objectives [45,48]. From Table A2 and Figure A3, we observed that MODGRL, DRL-
MOA, NSGAII-800000 and SPEA2-800000 were in the leading group for all the datasets.
Additionally, MODRGL and DRL-MOA were quite comparable, although NSGAII-800000
and SPEA2-800000 had larger rating score margins with MODGRL and DRL-MOA for the
KroAB 100 and 150 datasets. Table A2 also shows similar observations. When the experi-
ments with 8000 iterations were ignored, DRL-MOA and MODGRL performed relatively
well, as shown in the rows DRL-MOA and MODRGL. Once those with 8000 iterations were
considered, SPEA2 ranked to the top. Through these results, we concluded that, in terms of
the Spread indicator, DRL-MOA and MODGRL performed relatively closely and outper-
formed NSGA-II, MOEA/D, and SPEA2 with a 4000 or lower number of iterations. When
NSGA-II and SPEA2 were given additional iterations, their spread results outperformed
both DRL-MOA and MODGRL. Such observations again express the importance of fairness
comparisons using the same stopping criterion.
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Table A2. Comparison of Spread values. The minimum values are the best. The bold values are the
best ones among all algorithms.

Algorithm 100 Cities 150 Cities 200 Cities

NSGAII-50000 0.981 ± 0.007 0.979 ± 0.006 0.984 ± 0.005

NSGAII-100000 0.989 ± 0.008 0.983 ± 0.004 0.982 ±0.007

NSGAII-200000 0.984 ± 0.014 0.980 ± 0.008 0.978 ± 0.010

NSGAII-400000 0.954 ± 0.026 0.961 ± 0.017 0.963 ± 0.019

MOEAD-50000 1.017 ± 0.008 1.012 ± 0.004 1.008 ± 0.004

MOEAD-100000 1.019 ± 0.010 1.012 ± 0.003 1.011 ± 0.004

MOEAD-200000 1.014 ± 0.005 1.011 ± 0.003 1.009 ± 0.004

MOEAD-400000 1.007 ± 0.008 1.015 ± 0.012 1.008 ± 0.005

SPEA2-50000 0.979 ± 0.011 0.977 ± 0.008 0.980 ± 0.008

SPEA2-100000 0.989 ± 0.006 0.985 ± 0.006 0.976 ± 0.005

SPEA2-200000 0.985 ± 0.013 0.972 ± 0.014 0.974 ± 0.008

SPEA2-400000 0.959 ± 0.018 0.959 ± 0.019 0.952 ± 0.016

DRL-MOA 0.937 ± 0.018 0.943 ± 0.015 0.937 ± 0.020

MODGRL 0.934 ± 0.013 0.943 ± 0.017 0.942 ± 0.017

NSGAII-800000 0.930 ± 0.011 0.932 ± 0.006 0.942 ± 0.011

MOEAD-800000 0.998 ± 0.011 1.005 ± 0.008 1.009 ± 0.007

SPEA2-800000 0.926 ± 0.017 0.925 ± 0.009 0.938 ± 0.013

Figure A3. Spread ranking results for 150 cities (top row) and 200 cities (bottom row).
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Appendix A.3. Performance Based on the CPF Indicator

Although the Spread indicator is a popular diversity metric for multi-objective op-
timization analysis, it does not assess the evenness and spread of the Pareto-frontiers
together [47]. Coverage over Pareto Front (CPF) [47] is a newer indicator to assess both
evenness and spread more accurately.

We first examined Table A3 without considering the results of 8000 iterations. The Ta-
ble shows that NSGAII-400000 and SPEA2-400000 had the best average CPFs for the
three datasets.

Table A3. Comparison of CPF values. The maximum values are the best. The bold values are the best
ones among all algorithms.

Algorithm 100 Cities 150 Cities 200 Cities

NSGAII-50000 0.488 ± 0.026 0.520 ± 0.028 0.522 ± 0.070

NSGAII-100000 0.442 ± 0.038 0.473 ± 0.047 0.480 ± 0.041

NSGAII-200000 0.426 ± 0.062 0.464 ± 0.049 0.499 ± 0.031

NSGAII-400000 0.559 ± 0.101 0.565 ± 0.079 0.549 ± 0.085

MOEAD-50000 0.130 ± 0.027 0.115 ± 0.032 0.137 ± 0.049

MOEAD-100000 0.181 ± 0.042 0.178 ± 0.026 0.166 ± 0.048

MOEAD-200000 0.241 ± 0.054 0.178 ± 0.066 0.157 ± 0.056

MOEAD-400000 0.351 ± 0.043 0.250 ± 0.053 0.255 ± 0.063

SPEA2-50000 0.496 ± 0.039 0.513 ± 0.053 0.511 ± 0.050

SPEA2-100000 0.430 ± 0.053 0.450 ± 0.041 0.482 ± 0.049

SPEA2-200000 0.442 ± 0.053 0.486 ± 0.058 0.509 ± 0.044

SPEA2-400000 0.532 ± 0.066 0.561 ± 0.083 0.620 ± 0.085

DRL-MOA 0.541 ± 0.057 0.506 ± 0.048 0.482 ± 0.046

MODGRL 0.553 ± 0.026 0.533 ± 0.039 0.489 ± 0.035

NSGAII-800000 0.637 ± 0.039 0.666 ± 0.034 0.635 ± 0.054

MOEAD-800000 0.408 ± 0.055 0.328 ± 0.056 0.296 ± 0.082

SPEA2-800000 0.656 ± 0.055 0.678 ± 0.048 0.659 ± 0.063

Regarding the comparison between MODGRL and DRL-MOA, Table A3 shows that
MODGRL performed better than DRL-MOA in terms of CPF. Figure A4 also shows that
MODGRL ranked better than DRL-MOA for the KroAB 100 and 150 datasets, meaning that
the Pareto-frontier generated by MODGRL was more evene and more diverse, although not
statistically significant. Their evenness and spread/diversity performance was relatively
close for the KroAB 200 dataset.

When taking into account those algorithms with 8000 iterations, NSGAII-800000 and
SPEA2-800000 outperformed both MODGRL and DRL-MOA. Additionally, SPEA2-800000
dominated in all the three datasets. Even though SPEA2-800000 had the best performance
in CPF, such results again express the importance of fair comparisons using the same
stopping criterion.
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Figure A4. CPF ranking results for 150 cities (top row) and 200 cities (bottom row).
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